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ABSTRACT. Let M denote the space of probability measures on
RP endowed with the Wasserstein metric. A differential calcu-
lus for a certain class of absolutely continuous curves in M was
introduced in [4]. In this paper we develop a calculus for the corre-
sponding class of differential forms on M. In particular we prove
an analogue of Green’s theorem for 1-forms and show that the
corresponding first cohomology group, in the sense of de Rham,
vanishes. For D = 2d we then define a symplectic distribution
on M in terms of this calculus, thus obtaining a rigorous frame-
work for the notion of Hamiltonian systems as introduced in [3].
Throughout the paper we emphasize the geometric viewpoint and
the role played by certain diffeomorphism groups of RP.

1. INTRODUCTION

Historically speaking, the main goal of Symplectic Geometry has
been to provide the mathematical formalism and the tools to define
and study the most fundamental class of equations within classical
Mechanics, Hamiltonian ODEs. Lie groups and group actions provide a
key ingredient, in particular to describe the symmetries of the equations
and to find the corresponding preserved quantities.

As the range of physical examples of interest expanded to encompass
continuous media, fields, etc., there arose the question of reaching an
analogous theory for PDEs. It has long been understood that many
PDEs should admit a reformulation as infinite-dimensional Hamil-
tonian systems. A deep early example of this is the work of Born-
Infeld [8], [9] and Pauli [38], who started from a Hamiltonian formu-
lation of Maxwell’s equations to develop a quantum field theory in
which the commutator of operators is analogous to the Poisson brack-
ets used in the classical theory. Further examples include the wave
and Klein-Gordon equations (cfr. e.g. [14], [30]), the relativistic and

Date: July 21, 2008.
1991 Mathematics Subject Classification. Primary 35Qxx, 49-xx; Secondary
53Dxx, 70-xx.
1



2 W. GANGBO, H. K. KIM, AND T. PACINI

non-relativistic Maxwell-Vlasov equations [7], [31], [13], and the Euler
incompressible equations [6].

In each case it is necessary to define an appropriate phase space,
build a symplectic or Poisson structure on it, find an appropriate energy
functional, then show that the PDE coincides with the corresponding
Hamiltonian flow. For various reasons, however, the results are often
more formal than rigorous. In particular, existence and uniqueness the-
orems for PDEs require a good notion of weak solutions which need to
be incorporated into the configuration and phase spaces; the geometric
structure of these spaces needs to be carefully worked out; the func-
tionals need the appropriate degree of regularity, etc. The necessary
techniques, cfr. e.g. [14], [17], can become quite complicated and ad
hoc.

The purpose of this paper is to provide the basis for a new frame-
work for defining and studying Hamiltonian PDEs. The configuration
space we rely on is the Wasserstein space M of non-negative Borel
measures on R” with total mass 1 and finite second moment. Over the
past decade it has become clear that M provides a very useful space of
weak solutions for those PDEs in which total mass is preserved. One of
its main virtues is that it provides a unified theory for studying these
equations. In particular, the foundation of the theory of Wasserstein
spaces comes from Optimal Transport and Calculus of Variations, and
these provide a toolbox which can be expected to be uniformly useful
throughout the theory. Working in M also allows for extremely singu-
lar initial data, providing a bridge between PDEs and ODEs when the
initial data is a Dirac measure.

The main geometric structure on M is that of a metric space. The
geometric and analytic features of this structure have been intensively
studied, cfr. e.g. [4], [11], [12], [32], [37]. In particular the work [4] has
developed a theory of gradient flows on metric spaces. In this work
the technical basis for the notion of weak solutions to a flow on M is
provided by the theory of 2-absolutely continuous curves. In particular,
[4] develops a differential calculus for this class of curves including a
notion of “tangent space” for each u € M. Applied to M, this allows
for a rigorous reformulation of many standard PDEs as gradient flows
on M. Overall, this viewpoint has led to important new insights and
results, cfr. e.g. [2], [4], [12], [22], [37]. Topics such as geodesics,
curvature and connections on M have also received much attention,
cfr. [40], [41], [26], [27].

In the case D = 2d, recent work [3] indicates that other classes of
PDEs can be viewed as Hamiltonian flows on M. Developing this idea
requires however a rigorous symplectic formalism for M, adapted to
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the viewpoint of [4]. Our paper achieves two main goals. The first is
to develop a general theory of differential forms on M. We present
this in Sections 4 and 5. This calculus should be thought of as dual
to the calculus of absolutely continuous curves. Our main result here,
Theorem 5.33, is an analogue of Green’s theorem for 1-forms and leads
to a proof that every closed 1-form on M is, in a specific sense, exact.
The second goal is to show that there exists a natural symplectic and
Hamiltonian formalism for M which is compatible with this calculus
of curves and forms. The appropriate notions are defined and studied
in Sections 6 and 7.

Given any mathematical construction, it is a fair question if it can be
considered “the most natural” of its kind. It is well known for example
that cotangent bundles admit a “canonical” symplectic structure. It is
an important fact, discussed in Section 7, that on a non-technical level
our symplectic formalism turns out to be formally equivalent to the
Poisson structure considered in [31], cfr. also [23] and [26]. From the
geometric point of view it is clear that the structure in [31] is indeed an
extremely natural choice. The choice of M as a configuration space is
also both natural and classical. The difference between our paper and
the previous literature appears precisely on the technical level, starting
with the choice of geometric structure on M. Specifically, whereas pre-
vious work tends to rely on various adaptations of differential geometric
techniques, we choose the methods of Optimal Transport. The techni-
cal effort involved is justified by the final result: while previous studies
are generally forced to restrict to smooth measures and functionals,
our methods allow us to present a uniform theory which includes all
singular measures and assumes very little regularity on the function-
als. Sections 5.2 through 5.6 are an example of the technicalities this
entails. Section 5.1 provides instead an example of the simplifications
which occur when one assumes a higher degree of regularity.

By analogy with the case of gradient flows we expect that our frame-
work and results will provide new impulse and direction to the develop-
ment of the theory of Hamiltonian PDEs. In particular, previous work
and other work in progress inspired by these results lead to existence
results for singular initial data [3], existence results for Hamiltonians
satisfying weak regularity conditions [24], and to the development of
a weak KAM theory for the nonlinear Vlasov equation [19]. It is to
be expected that in the process of these developments our regularity
assumptions will be even further relaxed so as to broaden the range
of applications. We likewise expect that the geometric ideas underly-
ing Symplectic Geometry and Geometric Mechanics will continue to
play an important role in the development of the Wasserstein theory
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of Hamiltonian systems on M. For example, in a very rough sense
the relationship between our methods and those implicit in [31] can
be thought of as analogous to the relationship between [17] and [6].
A connection between the choice of using Lie groups (as in [17] and
[6]) or the space of measures as configuration spaces is provided by the
process of symplectic reduction, cfr. [29], [30]. Throughout this article
we thus stress the geometric viewpoint, with particular attention to
the role played by certain group actions.

In recent years Wasserstein spaces have also been very useful in the
field of Geometric Inequalities, cfr. e.g. [1], [15], [16], [28]. Most
recently, the theory of Wasserstein spaces has started producing results
in Metric and Riemannian Geometry, cfr. e.g. [33], [27], [40], [41].
Thus there exist at least three distinct communities which may be
interested in these spaces: people working in Analysis/PDEs/Calculus
of Variations, people in Geometrical Mechanics, people in Geometry.
Concerning the exposition of our results, we have tried to take this into
account in various ways: (i) by incorporating into the presentation an
abundance of background material; (ii) by emphasizing the general
geometric setting behind many of our constructions; (iii) by avoiding
maximum generality in the results themselves, in particular by often
restricting to the simplest case of interest, FEuclidean spaces. As much
as possible we have also tried to keep the background material and the
purely formal arguments separate from the main body of the article via
a careful subdivision into sections and an appendix. We now briefly
summarize the contents of each section.

Section 2 contains a brief introduction to the topological and differ-
entiable structure (in the weak sense of [4]) of M. Likewise, Appendix
A reviews various notions from Differential Geometry including Lie
derivatives, differential forms, Lie groups and group actions. The ma-
terial in both is completely standard, but may still be useful to some
readers. Section 3 provides a bridge between these two parts by revis-
iting the differentiable structure of M in terms of group actions. Al-
though this point of view is maybe implicit in [4], it seems worthwhile
to emphasize it. On a purely formal level, it leads to the conclusion that
M should roughly be thought of as a stratified rather than a smooth
manifold, see Section 3.2. It also relates the sets RY? ¢ M C (C)*.
The first inclusion, based on Dirac measures, shows that the theory on
M specializes by restriction to the standard theory on R”: this should
be thought of as a fundamental test in this field, to be satisfied by
any new theory on M. The second inclusion provides background for
relating the constructions of Section 6.2 to the work [31]. Overall, Sec-
tion 3 is perhaps more intuitive than rigorous; however it does seem to
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provide a useful point of view on M and it provides an intuitive basis
for the developments in the following sections. Section 4 defines the
basic objects of study for a calculus on M, namely differential forms,
push-forward operations and an exterior differential operator. It also
introduces “pseudo-forms” as a weaker version of the same objects, and
specifies the relationship between them in terms of a projection oper-
ator. Pseudo-forms reappear in Section 5 as the main object of study,
mainly because they generally enjoy better regularity properties than
the corresponding forms: the latter depend on the projection operator,
whose degree of smoothness is not yet well-understood. The main result
of this section is an analogue of Green’s theorem for certain annuli in
M, Theorem 5.33. Stating and proving this result requires a good un-
derstanding of the measurability and integrability properties of pseudo
1-forms. We achieve this in several stages. The first step is to introduce
a notion of regularity for pseudo 1-forms, cfr. Definition 5.4. We then
study the continuity and differentiability properties of regular forms.
We also study the approximation of 2-absolutely continuous curves by
smoother curves. Combining these results leads to the required un-
derstanding, in Section 5.5, of the behaviour of pseudo 1-forms under
integration. Our main application of Theorem 5.33 is Corollary 5.35,
which shows that the 1-form defined by any closed pseudo 1-form on M
is exact. This shows that the corresponding first cohomology group, in
the sense of de Rham, vanishes. In Section 6 we move on towards Sym-
plectic Geometry, specializing to the case D = 2d. The main material
is in Section 6.2: for each € M we introduce a particular subspace of
the tangent space T, M and show that it carries a natural symplectic
structure. We also study the geometric properties of this symplectic
distribution and define the notion of Hamiltonian systems on M, thus
providing a firm basis to the notion already introduced in [3]. Formally
speaking, this distribution of subspaces is integrable and the above de-
fines a Poisson structure on M. The existence of a Poisson structure
on (C°)* had already been noticed in [31]: their construction is a for-
mal infinite-dimensional analogue of Lie’s construction of a canonical
Poisson structure on the dual of any finite-dimensional Lie algebra. We
review this construction in Section 7 and show that the corresponding
2-form restricts to ours on M. In this sense our construction is formally
equivalent to the Kirillov-Kostant-Souriau construction of a symplectic
structure on the coadjoint orbits of the dual Lie algebra.
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2. TOPOLOGY ON M AND A DIFFERENTIAL CALCULUS OF CURVES

Let M denote the space of Borel probability measures on RP with
bounded second moment, i.e.

M := {Borel measures on R” : y > O,/ du = 1,/ |22 dp < oo}
RD RD

The goal of this section is to show that M has a natural metric struc-

ture and to introduce a differential calculus due to [4] for a certain class

of curves in M. We refer to [4] and [42] for further details.

2.1. The space of distributions. Let C:° denote the space of compactly-
supported smooth functions on R”. Recall that it admits the structure

of a complete locally convex Hausdorff topological vector space, cfr. e.g.
[39] Section 6.2. Let (C2°)* denote the topological dual of C2°, i.e. the
vector space of continuous linear maps C° — R. We endow (C2°)*
with the weak-* topology, defined as the coarsest topology such that,
for each f € C¢°, the induced evaluation maps

(CZ) =R, ¢— (o, [)
are continuous. In terms of sequences this implies that, Vf € C2°,
On — @<= (Pn, [) — (@, f). Then (C°)* is a locally convex Hausdorff
topological vector space, cfr. [39] Section 6.16. As such it has a natural
differentiable structure.

The following fact may provide a useful context for the material of
Section 2.2. We denote by P the set of all Borel probability mea-
sures on R, A function f on R is said to be of p-growth (for some
p > 0) if there exist constants A, B > 0 such that |f(z)| < A + Blz|P.
Let Cy(RP) denote the set of continuous functions with 0-growth, i.e.
the space of bounded continuous functions. As above we can endow
(Cy(RP))* with its natural weak-* topology, defined using test func-
tions in Cy(RP): this is also known as the narrow topology. Clearly
C> C Cy(RP) so there is a chain of inclusions P C (Cy(RP))* C (C°)*.
The set P thus inherits two natural topologies. It is well known, cfr.
[4] Remarks 5.1.1 and 5.1.6, that the corresponding two notions of con-
vergence of sequences coincide, but that the stronger topology induced
from (C,(RP))* is more interesting in that it is metrizable.

2.2. The topology on M. Let C5(RP) denote the set of continuous
functions with 2-growth, as in Section 2.1. We can endow (Cy(RP))*
with its natural weak-* topology, defined using test functions in Cy(R?).
As in Section 2.1 there is a chain of inclusions M C (Cy(RP))* C
(C)*. We endow M with the topology induced from Cy(RP))*. No-
tice that M is a convex affine subset of Cy(R”))*. In particular it is
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contractible, so for £ > 1 all its homology groups H; and cohomology
groups H* vanish. As in Section 2.1, it turns out that this topology is
metrizable. A compatible metric can be defined as follows.

Definition 2.1. Let p, v € M. Consider

1/2
(2.1) Wa(u,v) = ( inf / |z —y[zd'y(as,y)> :
YEl(1,v) JRD «RD
Here, ['(p1, v) denotes the set of Borel measures v on RP x R? which
have p and v as marginals, i.e. satisfying mx(v) = p and mou(y) = v
where 7, and 7, denote the standard projections RP” x RP? — RP.
Equation 2.1 defines a distance on M. It is known that the infimum
in the right hand side of Equation 2.1 is always achieved. We will
denote by I'y(p, ) the set of v which minimize this expression.

It can be shown that (M, W5) is a separable complete metric space,
cfr. e.g. [4] Proposition 7.1.5. It is an important result from Monge-
Kantorovich theory that
(2.2)
W2(p,v) = sup {/ ud,u+/ vdv : u(z)+o(y) < |z—y|? Yo,y € RD}.
u,weC(RP) Y JRDP RD
Recall that p is absolutely continuous with respect to Lebesgue measure
LD written u << L£Pif it is of the form u = p(x) LP for some function

p € LY(RP). In this case for any v € M there exists a unique map
T :RP — RP such that Typu = v and

(2.3 Wuw) = [ 1o =T(a)Pduta),

cfr. e.g. [4] or [18]. One refers to T as the optimal map that pushes p
forward to v.

Example 2.2. Given x € R, let §, denote the corresponding Dirac
measure on RY. Consider the set of such measures: this is a closed
subset of M isometric to RP. More generally, let a; (i = 1,...,n) be a
fixed collection of distinct positive numbers such that ) a; = 1. Then
the set of measures of the form ) a;0,, constitutes a closed subset of
M, homeomorphic to R"P.

If a; = 1/n then the set of measures of the form p = > 1/nd,, can be
identified with R™” quotiented by the set of permutations of n letters.
This space is not a manifold in the usual sense; in the simplest case
D =1 and n = 2, it is homeomorphic to a closed half plane, which is
a manifold with boundary.
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Example 2.3. The subset of absolutely continuous measures in M is
neither open nor closed in M. Indeed, it does not intersect the sets of
Dirac measures seen in Example 2.2. The union of these sets constitutes
a dense subset of M. Furthermore if we define 7" : RP? — RP by
T"(x) = rz and fix an absolutely continuous measure y € M then T7 ;1
converges to the Dirac mass at the origin.

2.3. Tangent spaces and the divergence operator. Let X, denote
the space of compactly-supported smooth vector fields on RP. Let
VC® C X, denote the set of all Vf, for f € C®. For p € M let
L?() denote the set of Borel maps X : R” — R” such that || X|[? :=
Jgo | X|?dp is finite. Recall that L*(p) is a Hilbert space with the
Euclidean inner product

N

(2.4) Gu(X,Y) = / (X,Y) dp.

Remark 2.4. If y = pLP for some p : R* — (0, 00) such that [ pdz =1
then the natural map X, — L?(u) is injective. But in general it is not:
for example if i is the Dirac mass at x then two vector fields X, Y will
be identified as soon as X (x) = Y (x). However, the image of this map
is always dense in L*(p).

In [4] Section 8.4, a “tangent space” is defined for each p € M as
follows.

Definition 2.5. Given p € M, let T, M denote the closure of VC*
in L?(p). We call it the tangent space of M at u. The tangent bundle
T M is defined as the disjoint union of all 7, M.

Definition 2.6. Given pu € M we define the divergence operator
divy : Xy — (CV, (divg(X), f) = — / df (X) dp.
RD

Notice that the divergence operator is linear and that (div,(X), f) <
IV ||| X||,.. This proves that the operator div, extends to L*(u) by
continuity; we will continue to use the same notation for the extended
operator, so that Ker(div,) is now a closed subspace of L?(u).

It follows from [4] Lemma 8.4.2 that, given any pu € M, there is an
orthogonal decomposition

(2.5) L*(n) = V" @ Ker(div,,).

We will denote by 7, : L*(u) — V C=" the corresponding projection.
Notice that each tangent space has a natural Hilbert space structure
G, obtained by restriction of G, to V cx=",
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Remark 2.7. Decomposition 2.5 shows that 7, M can also be identi-
fied with the quotient space L*(u)/Ker(div,): the map 7, provides a
Hilbert space isomorphism between these two spaces.

Example 2.8. Suppose that z;,---,x, are points in R” and p =
o 1/nd,,. Fix £ € L*(pn). Set 4r := ming, 4, |7; — x;| and define

(x,&(x;)) if x€ Bo(z;) i=1,---,n

(26)  plo)= { 0 if ¢ UL, Ba(ay).

Let n € C° be an even function such that fRD ndr =1, n > 0 and
n is supported in the closure of B,.(0). Then @ := nx ¢ € C* and
V¢ coincides with & on U, B,.(x;). Consequently, L*(u) = T, M and
Ker(div,) = {0}. In particular if the points z; are distinct then L*(p)
can be identified with R™”. If on the other hand all the points coincide,
i.e. ¥; = x, then u = §, and L*(u) ~ RP.

Consider for example the simplest case D = 1, n = 2. As seen in
Example 2.2 the corresponding space of Dirac measures is homeomor-
phic to a closed half plane. We now see that at any interior point,
corresponding to z; # x,, the tangent space is R%. At any boundary
point, corresponding to x; = xs, the tangent space is R. One should
compare this with the usual differential-geometric definition of tangent
planes on a manifold with boundary, cfr. e.g. [20]: in that case, the
tangent plane at a boundary point would be R%. We will come back to
this in Section 3.2.

Remark 2.9. Decomposition 2.5 extends the standard orthogonal Hodge
decomposition of a smooth L? vector field X on R”:

X =Vu+ X/,

where u is defined as the unique smooth solution in W2 of Au =
div(X) and X' := X — Vu.

In particular, Decomposition 2.5 shows that V C>" N Ker(div,) =
{0}. The analogous statement with respect to the measure £ is that
the only harmonic function on R? in W2 is the function u = 0.

2.4. Analytic justification for the tangent spaces. Following [4]
we now provide an analytic justification for the above definition of
tangent spaces for M. A more geometric justification, using group
actions, will be given in Section 3.2.

Suppose we are given a curve o : (a,b) — M and a Borel vector field
X : (a,b) x RP” — R such that X; € L*(0;). Here, we have written o,
in place of o(t) and X; in place of X (). We will write

oo _
(2.7) a5 divy(X) =0
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if the following condition holds: for all ¢ € C>((a,b) x RP),

(2.8) / /RD 28 Ve Xt)> do, dt = 0,

i.e. if Equation 2.7 holds in the sense of distributions. Given oy, notice
that if Equation 2.7 holds for X then it holds for X 4+ W for any Borel
map W : (a,b) x RP — R such that W, € Ker(div,,).

The following definition and remark can be found in [4] Chapter 1.

Definition 2.10. Let (S, dist) be a metric space. A curve t € (a,b) —
oy € S is 2-absolutely continuous if there exists 3 € L?(a,b) such that
dist(o, 05) < [ B(r)dr for all @ < s < t < b. We then write o €
AC5(a,b;S). For such curves the limit |o'|(¢) := lim,_; dist(oy, 05) /|t —
s| exists for L£!'-almost every t € (a,b). We call this limit the metric
derivative of o at t. It satisfies |o'| < 3 L'-almost everywhere.

Remark 2.11. (i) If ¢ € ACy(a,b;S) then |o'| € L?(a,b) and dist(c, o) <
f |o’|(T)dr for a < s <t < b. We can apply Hélder’s inequality to con-
clude that dist*(o,, o) < ¢t — s| where ¢ = fa 0’| (T)dT

(ii) It follows from (i) that {oy| t € [a,b]} is a compact set, so it is
bounded. For instance, given x € S the triangle inequality proves that

dist(og, x) < /c|s — a| + dist(og, x

We now recall [4] Theorem 8.3.1. It shows that the definition of
tangent space given above is flexible enough to include the velocities of
any “good” curve in M.

Proposition 2.12. If o0 € ACs(a,b; M) then there exists a Borel map
v (a,b) x RP — RP such that 8" + divy(v) = 0 and vy € L*(oy)
for L'-almost every t € (a,b). We call v a wvelocity for o. If w s
another velocity for o then the projections 7,,(v¢), 7o, (wy) coincide for
L' -almost every t € (a,b). One can choose v such that v, € V CX""
and ||vi||s, = |07|(t) for L'~almost every t € (a,b). In that case, for
L'—almost every t € (a,b), v; is uniquely determined. We denote this
velocity o and refer to it as the velocity of minimal norm, since if wy is
any other velocity associated to o then ||5¢||s, < ||wills, for L' —almost
every t € (a,b).

The following remark can be found in [4] Lemma 1.1.4 in a more
general context.

Remark 2.13 (Lipschitz reparametrization). Let o € ACs(a, b; M) and
v be a velocity associated to 0. Fix @ > 0 and define S(t) = [

Lo+
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||vr]|5, )dr. Then S : [a,b] — [0, L] is absolutely continuous and in-
creasing, with L = S(b). The inverse of S is a function whose Lipschitz
constant is less than or equal to 1/a. Define

Os := 05-1(s), Vg 1= S_l(S)Us—l(s).

One can check that ¢ € ACy(0, L; M) and that v is a velocity asso-

ciated to ¢. Fix t € (a,b) and set s := S(t). Then v, = S(t)vs() and

= _ HthUt
HU,SHO’S - aJFHUtHot 1.

3. THE CALCULUS OF CURVES, REVISITED

The goal of this section is to revisit the material of Section 2 from
a more geometric viewpoint. Many of the results presented here are
purely formal, but they may provide some insight into the structure of
M. They also provide useful intuition into the more rigorous results
contained in the sections which follow. We refer to Appendix A for
notation and terminology.

3.1. Embedding the geometry of R” into M. We have already
seen in Example 2.2 that Dirac measures provide a continuous embed-
ding of R into M. Many aspects of the standard geometry of R” can
be recovered inside M, and various techniques which we will be using
for M can be seen as an extension of standard techniques used for R”.

One example of this is provided by Example 2.8, which shows that
the standard notion of tangent space on R” coincides with the notion
of tangent spaces on M introduced by [4].

Another simple example is as follows. Consider the space of wvol-
ume forms on RP i.e. the smooth never-vanishing D-forms. Under
appropriate normalization and decay conditions, these define a subset
of M. Given a vector field X € X, and a volume form «, there is
a standard geometric definition of div,(X) in terms of Lie derivatives:
namely, Lxa is also a D-form so we can define div,(X) to be the unique
smooth function on M such that

(3.1) dive(X)a = Lxa.

In particular, it is clear from this definition and Lemma A.3 that X €
Ker(div, ) iff the corresponding flow preserves the volume form.

Cartan’s formula together with Green’s theorem for R” shows that
div,, is the negative formal adjoint of d with respect to «, i.e.

/Mfdz'va(X)a:—/Mdf(X)a, VfeCr(M).
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In particular, div, (X )« satisfies Equation 2.6. In this sense Equation
2.6 extends the standard geometric definition of divergence to the whole

of M.

3.2. The intrinsic geometry of M. It is appealing to think that, in
some weak sense, the results of Section 2.4 can be viewed as a way of
using the Wasserstein distance to describe an “intrinsic” differentiable
structure on M. This structure can be alternatively viewed as follows.

Let ¢ : RP? — R be a Borel map and 1 € M. Recall that the push-
forward measure ¢ypu € M is defined by setting ¢ u(A) := u(¢~(A4)),
for any open subset A C RP. Let Diff.(R?) denote the Id-component
of the Lie group of diffeomorphisms of R” with compact support, cfr.
Section A.3. One can check that the induced map

(3.2) Diff (RP) x M — M, (¢, 1) — dup

is continuous. Choose any X € X.(RP) and let ¢; denote the flow of
X. Given any p € M, it is simple to verify that p; := ¢up is a path
in M with velocity X in the sense of Proposition 2.12. Notice that in
this case the velocity is defined for all ¢, rather than only for almost
every t. In particular it makes sense to say that the velocity for ¢ = 0

is m,(X) € T,M. The map
M—->TM, p—mn,(X)eT M

defines a fundamental vector field associated to X in the sense of Sec-
tion A.2. In this sense the map of Equation 3.2 defines a left action of
Diff.(RP) on M with properties analogous to those of the actions of
Section A.2.

According to Section A.2 the orbit and stabilizer of any fixed u € M
are

Oy :={v € M:v = dyp, for some ¢ € Diff(R")},

Diff. ,(R”) := {¢ € Diff.(R”) : ppp = u}.
Formally, Diff, ,(RP) is a Lie subgroup of Diff.(R?) and Ker(div,) is
its Lie algebra. The map

j : Diff.(R”)/Diff. ,(R”) — O,, [¢] — dyu

defines a 1:1 relationship between the quotient space and the orbit of
p. Lemma A.15 suggests that O, is a smooth submanifold of the space
M and that the isomorphism Vj : X, /Ker(div,) — 1,0, coincides
with the map determined by the construction of fundamental vector
fields. Notice that, up to Li—closure, the space X, /Ker(div,) is exactly
the space introduced in Definition 2.5. This indicates that the tangent
spaces of Section 2.3 should be thought of as “tangent” not to the
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whole of M, but only to the leaves of the foliation induced by the
action of Diff.(RP). In other words M should be thought of as a
stratified manifold, i.e. as a topological space with a foliation and a
differentiable structure defined only on each leaf of the foliation. This
point of view is purely formal but it corresponds exactly to the situation
already described for Dirac measures, cfr. Example 2.8.

Recall from Proposition 2.12 the relationship between the class of 2-
absolutely continuous curves and these tangent spaces. This result can
be viewed as the expression of a strong compatibility between two nat-
ural but a prior:i distinct structures on M: the Wasserstein topology
and the group action.

Remark 3.1. The claim that the Lie algebra of Diff, ,(RP) is Ker(div,,)
can be supported in various ways. For example, assume ¢; is a curve
of diffeomorphisms in Diff. ,(R”) and that X, satisfies Equation A.8.
The following calculation is the weak analogue of Lemma A.3. It shows
that X, € Ker(div,):

Jarxoan =[x diosm = [ o (Ko du
— [ ayints oo du=ajar [ £oodu
= dfat [ faons) = dfde [ fan=o

It is also simple to check that Ker(div,) is a Lie subalgebra of X.(RP),
i.e. if X,Y € Ker(div,) then [X,Y] € Ker(div,). To show this, let
f e Cx. Then:

@inX.YL5) = = [ dr(X YD

= — [ a0+ [ anvyan
- <diUM(X)7g> - <diUM(Y), h> =0,

where g := df (Y) and h := df (X).

Finally, assume p is a smooth volume form on a compact manifold
M. In this situation Hamilton [21] proved that Diff,(M) is a Fréchet
Lie subgroup of Diff(M) and that the Lie algebra of Diff, (M) is the
space of vector fields X € X (M) satisfying the condition Lxpu = 0. As
seen in Section 3.1 this space coincides with Ker(div,,).

Remark 3.2. Recall that, given an appropriate curve u; in M, Propo-
sition 2.12 defines tangent vectors only £!-almost everywhere with re-
spect to t. For different reasons a similar issue should arise also for



14 W. GANGBO, H. K. KIM, AND T. PACINI

curves in a stratified manifold: tangent vectors should exist only while
moving within each leaf but not while crossing from one leaf to another.

3.3. Embedding the geometry of M into (C2°)*. We can also
view M as a subspace of (C2°)*. It is then interesting to compare the
corresponding geometries, as follows.

Consider the natural left action of Diff.(R”) on R given by ¢z :=
¢(z). Asin Section A.2 this induces a left action on the spaces of forms
A* and in particular on the space of functions C> = A° as follows:

Diff (RP) x C®* — C=®°, ¢-f:=(¢")'f=fop .

By duality there is an induced left action on the space of distributions
given by

Diff.(R”) x (C%)* — (C°)", ((¢-p), f) = (. (671 ) = (i, (fo9)).

Notice that we have introduced inverses to ensure that these are left
actions, cfr. Remark A.9. It is clear that this extends the action already
defined in Section 3.2 on the subset M C (C2°)*. In other words, the
natural immersion i : M — (C°)* is equivariant with respect to the
action of Diff .(RP), i.e. i(¢dpp) = ¢ -i(u).

As mentioned in Section 2.1, (C2°)* has a natural differentiable
structure. In particular it has well-defined tangent spaces 7,(C)* =
(C)*. For each u € M, using the notation of Section 3.2, composition
gives an immersion

i o j : Diff (R”)/Diff. ,(R”) — O, — (C°)*.
This induces an injection between the corresponding tangent spaces
V(ioj): X./Ker(div,) — T,(C>)".
Notice that, using the equivariance of 4,

(V(iog)(X), f) = (Vi(d/dt(prgi)ii=0), [) = {d/dt(i(dr1))t=0, f)
= (d/dt(¢: - M)|t:0, fy=d/dt{u, fo ¢t>\t:0
= (u, d/dt(f o ¢¢)j=0) = (p, df (X))
= —({div,(X), f).

In other words, the negative divergence operator can be interpreted as
the natural identification between T, M and the appropriate subspace
of (C°)*.

More generally, we can compare the calculus of curves in M with the
calculus of the corresponding curves in (C2°)*. Given any sufficiently
regular curve of distributions ¢ — p, € (C:°)*, we can define tangent
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vectors 7y = limy,_o = € T, (C°)*. Assume that s is strongly
continuous with respect to ¢, in the sense that the evaluation map

(avb) XCSO_)Rv (Mtaf) = <:ut>f>

is continuous. Notice that u = pu; defines a distribution on the product
space (a,b) x RP: Vf = fi(z) € C>((a,b) x RP),

b
<,u7f> ::/ <Ht,ft>dt.

One can check that 2 (p, fi) = (7, fi) + (ue, %}, SO

b ) ,
3.3 [ 2 + gy =o,

Equation 3.3 shows that if y, € M and 7, = —div,, (X;) then y, satisfies
Equation 2.8. In other words, the defining equation for the calculus
on M, Equation 2.7, is the natural weak analogue of the statement
limy o 2 = —div,, (X3).

Roughly speaking, the content of Proposition 2.12 is that if u; € M
is 2-absolutely continuous then, for almost every ¢, 7; exists and can be

written as —div,, (X;) for some ¢-dependent vector field X, on R”.

Remark 3.3. One should think of Equation 2.7, i.e. d/dt(y,) = —div,, (X}),
as an ODE on the submanifold M C (C2°)* rather than on the ab-
stract manifold M, in the sense that the right hand side is an element
of T,,(C>)* rather than an element of T, M. Using V(io j)~! we
can rewrite this equation as an ODE on the abstract manifold M, i.e.

d/dt(p) = 7, (X).
4. TANGENT AND COTANGENT BUNDLES

We now define some further elements of calculus on M. As opposed
to Section 3, the definitions and statements made here are completely
rigorous. We will often refer back to the ideas of Section 3, however,
to explain the geometric intuition underlying this theory.

4.1. Push-forward operations on M and T M. The following re-
sult concerns the push-forward operation on M.

Lemma 4.1. If ¢ : RP? — RP is a Lipschitz map with Lipschitz con-
stant Lip ¢ then ¢y : M — M is also a Lipschitz map with the same
Lipschitz constant.

Proof: Let u,v € M. Note that if u(z) + v(y) < |z — y|* for all
x,y € RP then

uo p(a) +vod(d) < |d(a) — o(b)|* < (Lip §)*|a — bJ*.
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This, together with Equation 2.2 yields

(4.1)
/RD udgb#,u—i—/RD vdppv = /RD uogbd,u—i—/RD vopdy < (Lip ¢)*Wi(p,v).

We maximize the expression at the left handside of Equation 4.1 over
the set of pairs (u,v) such that u(z) +v(y) < |z —y|? for all 2,y € RP.
Then we use again Equation 2.2 to conclude the proof. QED.

The next results concern the lifted action of Diff.(R”) on T'M in the
sense of Section A.2.

Lemma 4.2. For any p € M and ¢ € Diff.(RP), the map ¢. :
X.(RP) — X.(RP) has a unique continuous extension ¢, : L*(u) —
L*(¢4p). Furthermore ¢.(Ker(div,)) < Ker(div,,,,). Thus ¢. induces
a continuous map ¢, : T,M — Ty, , M.

Proof: Let u € M, ¢ € Diff.(RP), f € C*(RP) and let X €
Ker(div,). If Cg is the L>-norm of V¢ we have ||¢. X[, < Col|X||,-
Hence ¢, admits a unique continuous linear extension. Furthermore

/ (Vf, o X)doup = / (Vfop,p.Xop)du
RD RD

(Vfop, VeX)du

D

(Ve)'V fop X)du

(VIf o], X)dp = 0.

D

Il
%\%\%\

QED.

Remark 4.3. Recall from Lemma A.20 that ¢. = Adg on X.(RP).
Lemma 4.2 is then the analogue of Remark A.16.

Lemma 4.4. Let 0 € AC5(a,b; M) and let v be a velocity for o. Let
¢ € Diff.(RP). Thent — @yu(0;) € ACy(a,b; M) and @,v is a velocity
for pyuo.

Proof: If a < s <t < b, by Remark 4.1,
Walpgor, ppos) < (Lip o) Wa(or, o).



DIFFERENTIAL FORMS AND HAMILTONIAN SYSTEMS 17

Because o0 € ACy(a, b; M) one concludes that dpy (o) € ACs(a,b; M).
If feC®((a,b) x RP) we have

/ /RD aft +dfy ¢*Ut)) (ppoy)dt
/ /RD o @+ (dfe(@uvr)) 0 go)datdt
N /a /]RD % +d(fo @)t(vt))datdt =0.

To obtain the last equality we have used that (t,z) — f(t,p(x)) is in
C((a,b) x RP). QED.

4.2. Differential forms on M. Recall from Definition 2.5 that the
tangent bundle T M of M is defined as the union of all spaces T}, M, for
i € M. We now define the pseudo tangent bundle T M to be the union
of all spaces L?(u). Analogously, the union of the dual spaces M
defines the cotangent bundle T*M; we define the pseudo cotangent
bundle T*M to be the union of the dual spaces L*(p)*.

It is clear from the definitions that we can think of TM as a sub-
bundle of 7M. Decomposition 2.5 allows us also to define an injection
T*M — T*M by extending any covector 7, M — R to be zero on the
complement of 7, M in L?(x). In this sense we can also think of 7% M
as a subbundle of 7*M. The projections 7, from Section 2.3 combine
to define a surjection 7 : TM — TM. Likewise, restriction yields a
surjection 7*M — T* M.

Remark 4.5. The above constructions make heavy use of the Hilbert
structure on L?(u1). Following the point of view of Remark 2.7 and Sec-
tion 3.2, i.e. emphasizing the differential, rather than the Riemannian,
structure of M one could decide to define T, M as L*(u)/Ker(div,).
Then the projections 7, : L*(u) — T, M would still define by duality
an injection T*M — T*M: this would identify T*M with the an-
nihilator of Ker(div,) in L*(u). However there would be no natural
injection T™M — T M nor any natural surjection 7*M — T* M.

Definition 4.6. A 1-form on M is a section of the cotangent bundle
T"M, i.e. a collection of maps p+— Fj, € TyM. A pseudo 1-form is a
section of the pseudo cotangent bundle 7*M.

Analogously, a 2-form on M is a collection of alternating multilinear
maps

pw— AN, TMxT,M—R,
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continuous for each y in the sense that |A, (X1, Xo)| < ¢, | X1, | X2,
for some ¢, € R. A pseudo 2-form is a collection of continuous alter-
nating multilinear maps

po Ay L2 () x L () — R.

For k = 1,2 we let A*M (respectively, A*M) denote the space of
k-forms (respectively, pseudo k-forms). We define a 0-form to be a
function M — R.

For k = 1,2, the continuity condition implies that any k-form is
uniquely defined by its values on any dense subset of T, M or T, M x
T, M, e.g. on the dense subset defined by smooth gradient vector fields.
The analogue is true for pseudo k-forms. Once again, using Decom-
position 2.5 yields an injection A*M — A* M and, by restriction, a
surjection A¥M — A¥M. In this sense every pseudo k-form defines a
natural k-form.

Since T, M is a Hilbert space, by the Riesz representation theorem
every 1-form A, on T, M can be written A,(Y) = [,5(A,,Y)du for a
unique A, € T,M and all Y € T, M. The analogous fact is true also
for pseudo 1-forms.

Remark 4.7. For k > 3 it is not natural to consider alternating multi-
linear maps on L?(u) which are continuous.

Remark 4.8. It is interesting to understand the geometric content of
a pseudo k-form. Formally speaking, restricted to any orbit O, =
Diff.(R”)/Diff. ,(RP) of the Diff.(R”) action on M, a pseudo k-form
gives a map O, — A*(X.). Pulling this map back to Diff,(R”) de-
fines a Diff. ,(R”)-invariant k-form on Diff.(R”), cfr. Section A.2.
This implies that a pseudo k-form on M is equivalent to a family of
Diff, ,(RP)-invariant k-forms on Diff.(R”) parametrized by the space
of orbits M /Diff.(RP).

Example 4.9. Any f € C* defines a function on M, i.e. a 0-form,
as follows:

Pl = [

We will refer to these as the linear functions on M, in that the natural
extension to the space (C2°)* defines a function which is linear with
respect to u.

Any A € X, defines a pseudo 1-form on M as follows:

R (X) = /R (A, X)dp
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We will refer to these as the linear pseudo 1-forms. Notice that if
A = Vf for some f € C® then A is actually a 1-form.

Any bounded field B = B(x) on RP of D x D matrices defines a
linear pseudo 2-form via

B(X,)Y) = / B(X,Y)du.

As in Section A.2, the action of Diff,(R”) on M can be lifted to
forms and pseudo forms as follows.

Definition 4.10. For k = 1,2, let A be a pseudo k-form on M. Then
any ¢ € Diff (R”) defines a pull-back k-multilinear map ¢*A on M as
follows:

(¢*A>M<X1; C. ,Xk) = A¢##(¢*X1, C. ,¢*Xk).

It is simple to check that ¢*A is indeed continuous in the sense of
Definition 4.6 and is thus a pseudo k-form.

It follows from Lemma 4.2 that the push-forward operation preserves
Decomposition 2.5. This implies that the pull-back preserves the space
of k-forms, i.e. the pull-back of a k-form is a k-form.

Definition 4.11. Let F': M — R be a function on M. We say that
£ € L*(u) belongs to the subdifferential 4 F (1) if

FO) 2 F+ s [[ 0 (a)y = a) drtam) + olWaln),
v€lo(pw) J JRP XRP
as v — p. If = € 0,(—F) (1) we say that £ belongs to the superdiffer-
ential O°F ().
If € € 0, F(p) NO°F () then, for any v € I'y(u, v),

(12) F(v) / [, €@ =ohdrlan) + oWalp,v))

If such £ exists we say that F'is differentiable at p and we define the
gradient vector V,F := m,(£). Using barycentric projections (cfr. [4]
Definition 5.4.2) one can show that, for v € T'y(p, v),

//RDX]RD (E(x),y —x)dy(z,y) = //RDXRD (1. (€)(2),y — x) dy(z, y).

Thus 7,(§) € 0 F (1) NO*F(p) NT,M and it satisfies the analogue of
Equation 4.2. It can be shown that the gradient vector is unique, i.e.
that 0, F' (1) N 0°F () N T,M = {m,(£)}.

Finally, if the gradient vector exists for every pu € M we can define
the differential or exterior derivative of F' to be the 1-form dF' deter-
mined, for any p € MandY € T,M, by dF(1)(Y) := [0 (V,F,Y) dp.
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To simplify the notation we will sometimes write Y (F') rather then
dF(Y).

Remark 4.12. Assume F' : M — R is differentiable. Given X €
VC=(RP), let ¢; denote the flow of X. Fix u € M.
(i) Set v, := (Id + tX)4xp. Then

F(v) = F(p) +t/RD<VMF,X>d,u+ o(t).

(i) Set gt := prpp. If ||V, F(1)|], is bounded on compact subsets of
M then

Fu) = P+t [ (VP X)du+ oft).

RD
Proof: The proof of (i) is a direct consequence of Equation 4.2 and of
the fact that, if r > 0 is small enough, (Id x (Id + tX))#,u € To(p, )
for t € [—r,r].
To prove (ii), set
A(s,t) == (1 —s)(Id + tX) + s¢y.

Notice that ||¢,—Id—tX]||, < t*||(VX)X||o and that (s, t) — m(s,t) :=
A(s,t)xp defines a continuous map of the compact set [0, 1] x [—r, 7]
into M. Hence the range of m is compact so ||V, ,F(u)||, is bounded

there by a constant C. We use elementary arguments to conclude that
F is C-Lipschitz on the range of m. Let 5, := ((Id + tX) x (bt)#,u.
We have ¥, € T(vy, i) so Wa(pe,vr) < ||y — Id — tX||, = 0(t?). We
conclude that

|F(v) = Fu)| < CWa(ps, i) = 0(t%).
This, together with (i), yields (ii). QED.

Example 4.13. Fix f € C2° and let F': M — R be the corresponding
linear function, as in Example 4.9. Then F' is differentiable with gra-
dient V,F' = Vf. Thus dF is a linear 1-form on M. Viceversa, every
linear 1-form A is ezact. In other words, if A, (X) = [, (A, X)dpu for
some A =V f then A = dF for F(u) == [pn fdp.

Definition 4.14. Let A be a pseudo I-form on M. We say that A is
differentiable with exterior derivative dA if (i) for all X € VCZ°, the
function A(X) is differentiable and (ii) for all X|Y € VO, setting

(4.3) dA(X,Y) := XA(Y) — YA(X) — A([X,Y])

yields a well-defined pseudo 2-form dA on M (see Definition 4.11 for
notation).
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Remark 4.15. The logic of this definition is as follows. As in Section
3.2, X and Y define fundamental vector fields on M. In particular we
can think of the construction of fundamental vector fields as a canonical
way of extending the given tangent vectors X, Y at any point u € M to
global tangent vector fields on M. Equation 4.3 then mimics Equation
A.11 for k = 1. Notice that dA will satisfy the continuity assumption
for pseudo 2-forms only if cancelling occurs to eliminate first-order
terms as in Equation A.11, cfr. Remark A.7.

Example 4.16. Assume A is a linear pseudo 1-form, i.e. A(-) =
Jen (A, )dp for some A € X,.. Then A is differentiable and dA(X,Y) =
Jer (VA = VAT)X,Y)dp. In particular dA is a linear pseudo 2-form.
Furthermore if A is a linear 1-form, w.e. A = Vf for some f € C2°,
then dA = 0.

5. CALCULUS OF PSEUDO DIFFERENTIAL 1-FORMS

Given a 1-form « on a finite-dimensional manifold, Green’s formula
compares the integral of da along a surface to the integral of o along the
boundary curves. In Section 5.1 we show that an analogous result for
M is rather simple when strong regularity assumptions are imposed
on the surface. However, from the point of view of applications it
is important to establish Green’s formula under weaker assumptions.
This is the main goal of this section. To achieve this we will mainly
work with pseudo 1-forms.

5.1. Green’s formula for smooth surfaces and 1-forms. Let S :
0,1] x [0,T] — M denote a map such that, for each s € [0, 1], S(s,) €
AC5(0,T; M) and, for each t € [0,T], S(-,t) € AC5((0,1); M). Let
v(s,-,-) denote the velocity of minimal norm for S(s,-) and w(-,t,-)
denote the velocity of minimal norm for S(-,¢). We assume that v, w €
C?([0,1] x [0,T] x RP,RP) and that their derivatives up to third order
are bounded. We further assume that v and w are gradient vector fields
so that dsv and O,w are also gradients.

Let A be a differentiable pseudo 1-form on M such that A,(u) =0
whenever v € L?(u) and div,u = 0. Because of this, we may view A
as a 1-form on M. Assume that

(5.1) sup ||A,l| < o0
pex
for all compact subsets K C M, where ||A,|| := sup, {A,(v) v €

T, M., |v||,, < 1}. We also assume that for all compact subsets L C M
there exists a constant C such that

(5.2) [Aw(u) = Au(u)] < CeWa(p, v)([[ulloo + [|Vull)
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for p,v € K and u € Cy(RP,RP) such that Vu is bounded.

Using Remark 2.11, Proposition 2.12 and the bound on v, w and on
their derivatives, we find that S is 1/2-Hélder continuous. Hence its
range is compact so ||Ag(s || is bounded. We then use Equations 5.1,
5.2 and Taylor expansions for wy,, and v;™" to obtain that

(53)  0(Asen(@)) = vi(Asien () + Asn (@),

|s=5,t= t

where we use the notation of Definition 4.11. Similarly,

54)  0(Aseo() = wi(Asen () + Assp(O507).

|s=3,t=t

Now suppose that S(s,t) = p(s,t,-)LP for some p € C([0,1] x
[0, 7] x RP) which is bounded with bounded derivatives. Then the
following lemma holds.

Lemma 5.1. For (s,t) € (r,1)x(0,T) we have (8w —0v;) —[w;, vi] €
Ker(divgs ).

Proof: We have, in the sense of distributions,
(5.5) Op; +V - (pjvy) =0, 9sp; + V- (piwy) =0

and so
V- 04(pivy) = —0:0p] = V - (Orpjwy).

We use that p, v and w are smooth to conclude that
V- (vf@spf + pfasv;> —Vv. (wf@tpf + pfatw,f).

This implies that if ¢ € C>°(RP) then

50 [ (Yot o) = [ (Yot + powp).
RD RD

We use again that p, v and w are smooth to obtain that Equation 5.5
holds pointwise. Hence, Equation 5.6 implies

[ VeV i) + ot = [ (V- o) + piov),

Rearranging, this leads to

[ (Ve dmi=0ai)oide? = [ (To.u)0-piun)=(Veorut) V(o).

Integrating by parts and substituting p;£P with S(s,t) we obtain
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/ <V907 asvf - atwf>d5(87 t)
RD

= [ (St + (Vi) Vo) = (Feut + (Vi) Vo) ) ds

- /RD<w, [vf,wf]>d5(s,t).

Since ¢ € C°(RP) is arbitrary, the proof is finished. QED.

We combine Equations 5.3 and 5.4 and use Lemma 5.1 to conclude
the following.

Proposition 5.2. For each t € (0,T) and s € (a,b) we have
(57) 8t (AS(s,t) (wf)) — 85 (AS(s,t) (Uf)) = dAS(SJ) (Uf, wf)

Next, we define ||dA,|| to be the smallest nonnegative number A such

that [dA, (X, Y)| < N|X|||Y ], for X,Y € VOX(RP).

Theorem 5.3 (Green’s formula for smooth surfaces). Let S be the
surface in M defined above and let its boundary S be the union of the
negatively oriented curves S(r,-), S(-,T) and the positively oriented
curves S(1,-), S(-,0). Suppose that p — ||dA,|| is also bounded on
compact subsets of M. Then

Jar=[
S s

Proof: Recall that v;, w; and their derivatives are bounded. This, to-
gether with Equations 5.1 and 5.2, implies that the functions (s,t) —
Ag(sp(vf) and (s,t) — Agep(wf) are continuous. Hence, by Propo-
sition 5.2, (s,t) — dAg(sy) (vf,w;) is Borel measurable as it is a limit
of quotients of continuous functions. The fact that u — ||dA,|| is
bounded on compact subsets of M gives that (s,t) — dAg(s ) (vf, w;)
is bounded. The rest of the proof of this theorem is identical to that of
Theorem 5.33 when we use Proposition 5.2 in place of Corollary 5.31.
QED.

5.2. Regularity and differentiability of pseudo 1-forms.

Definition 5.4. Let u — A, = [,»(A,, -)dp be a pseudo 1-form on
M. We will say that A is regular if for each p € M there exists a
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Borel field of D x D matrices B, € L*(RP x R”, ) and a function
O, € C(R) with O,(0) = 0 such that

sgp{/RDxRD |Au(y) — Au(z) — Bu(z)(y — x)Pdy(z,y), v € Dol V)}

(5.8)
< W5 (1, v) min{ O, (Wa(p, v)), c(A) }2.

where T',(p1, v) is the set of 4 minimizers in Equation 2.1 and ¢(A) > 0
is a constant independent of y1. We also assume that ||B,||, is uniformly

bounded. Taking ¢(A) large enough, there is no loss of generality in
assuming that

(5.9) sup [|B,l, < c(A).
HEM

Remark 5.5. Assumption 5.8 could be substantially weakened for our
purposes. We only make such a strong assumption to avoid introducing
more notation and making longer computations.

Example 5.6. Every linear pseudo 1-form is regular. In other words,
given A € X,, if we define A,(Y) := [,»(A,Y)dp then A is regular.
Indeed, setting B, := VA we use Taylor expansion and the fact that
the second derivatives of A are bounded to obtain Equation 5.8.

Remark 5.7. Let A be as in Example 5.6. Then the restriction of A to
TM gives a 1-form A defined by

ALY) = /RD (m.(A),Y)du VY € T,M.

It is not clear what smoothness properties the projections p — m,
might have with respect to u € M. This is one reason why in this
context it seems more practical to work with A rather than with its
projections.

From now till the end of Section 5 we assume A is a regular pseudo
1-form on M and we use the notation A,, B, as in Definition 5.4.

Remark 5.8. If p,v € M, X € L*(u), Y € L*(v) and 7y € T',(u, v) then

=1
=
=
|
=1

(0= [ (1Aue). Y(0) = X))+ By = ). Y ()
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By Equation 5.8 and Holder’s inequality

(5.11)

| / o (A = Ay() = By = ). Y ()| < Walpe,)elB) 1.
Similarly, Equation 5.9 and Holder’s inequality yield

512) [ B0 Y0)]| < Wl )DL

We use Equations 5.11 and 5.12 to obtain

A =80 = [ (A Y ) = X@hdatay)
(5.13) < 2e(A)Wa(ju,v) 1Y [l
Remark 5.9. Let Y € CH(RP) and define F(p) := A,(Y). Then
F(v) = F ()| < Wa(v, 1) (|1 A1 1VY oo + 26(A) 1Y ||
Proof: By Holder’s inequality
[, @)Y @) = V@i )] < 1ALV Wl )

We apply Remark 5.8 with Y = X and we exchange the role of u and
v to conclude the proof. QED.

Lemma 5.10. The function
MHR? M'_)HA/J«HH
1s continuous on M and bounded on bounded subsets of M. Suppose

St [r, 1] x [a,b] — M is continuous. Then

sup || As(enlsey < oo
(s.0)€l1]x[a,0]

Proof: Fix pyp € M. For each p € M we choose v, € I,(po, pt). We
have

| A=A o] = [ A b =11 A (@) ] < 1TAL(Y) = Ao ()],
This, together with Equations 5.8 and 5.9, yields

‘||f_1u||u—||f1uo|luo < IBuo () (=) ], +e(A)Walpo, 1) < 2c(A) W (o, 1)

To obtain the last inequality we have used Holder’s inequality. This
proves the first claim.

Notice that (s,t) — || Ag(s||s(s. is the composition of two continu-
ous functions and is defined on the compact set [r, 1] x [a, b]. Hence it
achieves its maximum. QED.
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Lemma 5.11. Let Y € C2(R”) and define F(p) := A, (Y). Then F is
differentiable with gradient V,F = 7, (VYT (2)A,(z) + B} (2)Y (x)).

Furthermore, assume X € VC2(RP) and let pi(x) = v+ tX(x) +
tO(x), where Oy is any continuous function on RP such that ||Oy||se
tends to 0 as t tends to 0. Set p; == p(t,-)gp. Then

F(u) = F(p)
(5.14) + /R ) [(Au(x), VY (2)X (2)) + (B, ()X (), Y(m)>] dp+ oft).
Proof: Choose 1, v € M and 7 € Ty, v). As in Remark 5.8,
A(Y) = Au(Y)
[ (@Y ) = V(@) + (Bula)y — 2). Y ()

- /RD RDM”(?J) = Au(z) = Bu(2)(y — 2), Y (y)dy (. y).

By Equation 5.8 and Holder’s inequality,

| / {Ay) = Au(a) = Bul@)ly = ), Y 0))] < oWl ) [V

Since Y € C?(R?) we can write Y(y) = Y(z) + VY (2)(y — x) +
R(x,y)(y—x)?, for some continuous R = R(x,y) with compact support.
Then

[, @y -vena = [ (@), 9@ - o)

(5.15) w [ )R = o

We now want to show that the term in Equation 5.15 is of the form
o(Wa(u,v)) as v tends to p. For any € > 0, choose a smooth compactly
supported vector field Z = Z(z) such that ||A, — Z||, < €. Then, using
Holder’s inequality,

| (Au(@), R (y — x)*)dvy(z,y)]

RD xRD

<[, =2 R (A = Z@).y = D)ldr(a.0)

"'_/RD RD (Z(z),R-(y — x)2>|d”y<$,y)

<y — 2)" R [lswcWa(p, v) + | R" Z||oc W35 (11, v).



DIFFERENTIAL FORMS AND HAMILTONIAN SYSTEMS 27

Since € and || Z|| are independent of v, this gives the required estimate.
Likewise,

/R o (Bu@) =2, Y )i, )
- /RD RD(Bu(x)(y —2),Y(y) = Y(2))dy(z,y)
" /JRDXRD (Bu(z)(y —x),Y (x))dy(z,y)

B / By = ). Y @)idr(w,9) + o Walp, )

Combining these results shows that
AV(Y) = ]\u(y)

T /R LY@, (a) + BI)Y (@), — addy(e,n) + olWalp, )

As in Definition 4.11, this proves that F' is differentiable and that
VuF = (VYT (2)Au(x) + BE (2)Y (x)).

Now assume that ¢, is the flow of X. Notice that the curve t —
belongs to ACy(—r,7; M) for r > 0. We could choose for instance
r = 1. Hence the curve is continuous on [—1,1]. By Lemma 5.10, the
composed function ¢t — ||A,,||,, is also continuous. Hence its range is
compact in R, so there exists C' > 0 such that [|A4,,]|,, < C for all

€ [—1,1]. We may now use Remark 4.12 to conclude.

The general case of ¢; as in the statement of Lemma 5.11 can be
studied using analogous methods. QED.

Lemma 5.12. Any reqular pseudo 1-form is differentiable in the sense
of Definition 4.14. Furthermore, VX,Y € T, M,

(5.16) dA,(X,Y) :/ (B, — B})X,Y)dp.

Proof: We need to check the validity of Definition 4.14. Choose X,Y €
C%(RP). By Lemma 5.11, A(X) and A(Y) are differentiable functions
on M. Using the expression given in Lemma 5.11 for their gradients,
it is simple to check that

(5.17)  XAY)-YAX) - A([X,Y]) = / (B, — Bg)X7 Y)du.

RD
Since the right hand side of Equation 5.17 is continuous, multilinear and
alternating, dA(X,Y’) is a well-defined pseudo 2-form on M. QED.
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5.3. Further continuity and differentiability properties of reg-
ular forms. We collect here various other regularity properties of reg-
ular pseudo 1-forms.

Corollary 5.13. Choose o € ACy(a,b; M). Forr >0 and s € [r, 1],
define

D, :RP” = RP, D,(z):= sz.
Set 07 = Dsyoy. Then there exists a constant Cy (1) depending only on
o and r such that ||Ags||es < Cy(r) for all (s,t) € [r,1] x [a,b)].

Proof: By Remark 2.11 (i), o : [a,b] — M is 1/2-Holder continuous:
there exists a constant ¢ > 0 such that Wi(o,,04,) < c|ta — t1]. To-
gether with Proposition 4.1 and the fact that Lip(D;) = s < 1, this
gives that t — o} is uniformly 1/2-Holder continuous:

Wi(03,.0%) < Wilous00,) < cltz — .

Remark 2.11 (ii) ensures that {oy| ¢ € [a,b]} is bounded and so there
exists ¢ > 0 such that Wy(oy,dg) < ¢ for all t € [a,b]. One can readily
check that v := (D,, x DSQ)#Ut € I'(07',04?), so

W;(Ufl,UfQ) < /RD . |z — y|2d7 = /RD |Dg,z — Ds2x|2dat(x)
X

= |sg — 81|2/ |z|?doy(z) < €|sy — s1]°.
RD

Thus s — o} is 1-Lipschitz. Consequently (¢,s) — o7 is 1/2-Holder
continuous. This, together with Lemma 5.10, yields the proof. QED.

Lemma 5.14. Assume {uc}eer C M and v, € L*(u.) are such that
C = sup.cp ||ve||L2(u) 18 finite. Assume {pc}teer converges to p in M
as € tends to 0 and that there exists v € L*(n) such that {vefic}eer
converges weak-x to vp, as € — 0. If v € To(p, pte) then lim._ga. = 0,

where ac = [on po(Au(@), ve(y) — v(@))dve(z,y).
Proof: It is easy to obtain that ||v|[z2(,) < C. Let . € T'o(u, pie) and

¢ € X.. Then there exists a bounded function C¢ € C(RP x R”) and a
real number M such that

(5.18) &(z) —&(y) = VE(y)(x—y) + o —y|*Ce(a,y),  [Celz,y)| < M,
for z,y € RP. We use the first equality in Equation 5.18 to obtain that

(Au(z), ve(y) — v(@))

(Au(r) = &(), ve(y) — v(w)) + (€(Y), ve(y))
(E(x),v(@)) + (VEW)(z — y) + |z — Y[’ Ce(z, y), ve(y)).
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Hence,

lac] < J|Au(x) — &) 200
(5.19)  +] (VEW) (@ —y) + |z — y|*Ce(z,y)) dve(x, ).

RD xRD

Above, we have set b, := | [up. o ((€(9), v () = (&(@), v() ) dye(z, y)]-
By the second inequality in Equation 5.18 and by Equation 5.19

(5.20) |ac| < 2C|| Ay — |2 + be + [ VE] o Walie, pe) + MW (1, prc)-

ve(y) — 0(@)]| 200 + o

By assumption {Wa(u, jic) }eerp tends to 0 and {b.}.cr tends to 0 as e
tends to 0. These facts, together with Equation 5.20, yield

limsup |ac| < 2C|A, — €12

e—0

for arbitrary € € X.. We use that X, is dense in L?(u1) to conclude that
lim._, a. = 0. QED.

Corollary 5.15. Assume {fic}eex C M, p1, v € L*(pie) and v satisfy
the assumptions of Lemma 5.14. Then lim. oA, (ve) = A, (v).

Proof: Let v, € I'y(i, pte). Observe that

(A (), ve(y)) = (Au(@), v(@))
= <AM(ZE), Ue<y) - U(.I')> + <Bu(x)(y - ZE), Ué(y»

(521)  +(Au(y) — Au@) = Bul@)ly — ), v(w)):

We now integrate Equation 5.21 over R” x R” and use Equations
5.8-5.9 and the fact that . € I',(u, pe). We obtain

A (ve) = N ()] < fae] + || Byl ooy Wt ) [|ve | + o(Wape, 1)) v
(522) < |CL€| + C||B#||L°°(H)W2<MJ ,ue) + CO(W2<M7 Me))

He

Letting € tend to 0 in Equation 5.22 we conclude the proof of the
corollary. QED.

Lemma 5.16 (continuity of Ay, (X;)). Suppose o € ACs(a,b; M). If

X € C((a,b) x RP RP) then t — A, (X;) =: A(t) is continuous on
(a,b).

Proof: Fix t € (a,b) so that ¢ belongs to the interior of a compact
set K* C (a,b). Let ¢ € C.(RP,RP) and denote by K a compact set
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containing its support. Observe that X is uniformly continuous on
K* x K so

limsup| [ (p(x), Xen(z) — Xo(@))dopn (@)

h—0 RD
(5.23) < limsup ||¢||co sup | Xesn(z) — Xi(z)| = 0.
h—0 zeK

Since (X3, @) € C° and o is continuous at ¢t by Remark 2.11, we also
see that

(5.24)  lim (gp(m),Xt(x)>dat+h(x):/ (p(2), Xi(2))doy(x).

Since ¢ € C,(RP,RP) is arbitrary, Equations 5.23 and 5.24 give that
{Xi1hOt1nth>0 converges weak-x to 0, X; as h tends to zero. Corollary
5.15 yields that A is continuous at ¢. QED.

Lemma 5.17 (Lipschitz property of A,, (X;)). Suppose that o € ACy(a, b; M)
and v is a velocity for o. Let X € C*([a,b] x RP? RP) and C' > 0 be
such that

(5:25)  sup |[As oy oellows [[Xillors 10Xl oo ||V Xl < C.

te(a,b]

Then t — Ay, (X;) =: A\(t) is L-Lipschitz for a constant L which is an

increasing function of C.
Proof: By Equation 5.25
[ X(t+h,y) — X(t,2)]

= ‘/1(h8tX—|—VX~(y—x))(t—i—lh,x—i—l(y—m))dl

(5.26) < C(|h| + |y — z).

Let v, € To(0y, 001n). We exploit Equation 5.13 where we substitute
Y by X;in and use Equations 5.25 and 5.26 to obtain

[A(E+h) = A)]

<UL (@) Xes) - X))

+2c(M)Wa(or, oern) [| Xesnllo
< CW(W + Wa(oy, 014n)) + QC(A)W2(Ut, Oitn) C
< 2|h|C*(1 + C + 2¢(A)),
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where the last inequality is a consequence of Equation 5.25 and Remark
2.11, which yield Wa(oy,0444) < C|h[. Thus A is L-Lipschitz with
L:=C*(1+C+2c(h)). QED.

One can identify points where A is differentiable by making additional
assumptions on X. We next show that the set of differentiability of A
contains (a,b) \ V. Here, N is the set of t € (a, b) for which there exists
Y € To(0v, 0441,) such that (' x (72 — 7')/h) L fails to converge to

(Id x Uy) 4oy in Po(RP x RP) as h tends to 0. The derivative of A at
t will be written in terms of the projection v; of v; onto the tangent
space Ty, M, i.e. Uy := 7,,(vy).

Lemma 5.18 (Differentiability property of A,,(X;)). Suppose that o, v
and X are as in Lemma 5.17. We further suppose that X € C?([a, b] X
RP RP) and

(5.27) 107X sos [IVOXi oo, |IV2Xi]|o0 < C.
Ift € (a,b) \ N then

N(t) = /R { Ao, 0X,(2) + VXilw) - 4(x) o)

(5.28) + /RD<B%(1:) -y (x), Xy(x) )doy(z).

Proof: We shall show that Equation 5.33 holds by establishing a serie
of inequalities. First, by Equations 5.25 and 5.27

(5.29)

X (t4h, y) =X (t,2)=hdX (t,2) = VX (t,2)-(y—2)| < C(|h*+|y—z]).

We exploit Equation 5.29 to obtain

‘/RR ((Aor(@), Xesaly) = Xu(@)) = h( Ao, (), OX,(w) + VXil(a) - o) )

< C~Y2(|h|2 + W5 (o, 0t+h)>~
This, together with the fact that ¢ € (a,b) \ N yields

A,,(2), Xt+h(y)h_ Xi() >d*yh(x, y)

(5.30) lim

h=0 Jgp RD<
_ /R (A0 (0),0X,(2) + VXil) - 1) )dor().

By Equations 5.25 and 5.29
X (t+h,y) = X(t2)] < C(lhl + |y — 2| + [ + |y — «?)
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so Holder’s inequality yields

[ (Bal@) =2, Xenls) = X))
RD xRD

< HBUtHUtCN’W2<Ut70-t+h)

(18] + 1B + Walor, 0140) + W 01, 01:0) )
(531) < c(R)C?h| (|h| + |2 + CJh| + é?|h|2).

To obtain Equation 5.31 we have used Equation 5.9 to bound || By, ||,
/%s before, we have also used Remark 2.11 to control Ws(oy, oy1p) with
C|h|. By Equation 5.31 and the fact that ¢ € (a,b) \ N

. Yy —

| B, () - dy, (x,

hlg(l) RDX]RD< (@) h )> n(@,9)

— lim (B, (z) - L2 X,(2) Y (i, y)
h=0 JRrD xRrD h

_ /R (Ba(@) - 0l@), Xelw)ydor(0)

If we substitute v by o444, p by 04, Y by Xi1p and X by X; in Equation
5.11 and as before control Wy(oy, 0444) with C|h|, we obtain
(5. 32

lim / e (1) Ay (2) = B (@) (5= Ar, ) )i (,) = 01
- RD xRP

We make the same substitution in Equation 5.10 and use Equation 5.32
to obtain

(5.33)

N(t) = lim

( " Xin(y) — Xi(z)
h=0 JrDxRrD

(A (o), =L

Thanks to Equations 5.33, 5.30 and 5.32 we obtain Equation 5.28.
QED.

5.4. Mollification of absolutely continuous paths in M. Through-
out this section we suppose that %, € C*(RP) is a mollifier : n%(x) =
1/€Pn(x/¢€), for some bounded symmetric function n € C*(R?) whose
derivatives of all orders are bounded. We also impose that n > 0,
Jep |2Pn(z)de < oo and [, n = 1. We fix € M and define f(z) :=
Jep 1o (x — y)du(y). Observe that f¢ € C*(RP) is bounded, all its
derivatives are bounded and fRD fe=1

)+ (Boy(@)- L, Xeen (9) )
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We suppose that n§ € C*°(R) is a standard mollifier: n5(t) = 1/en(t/e),
for some bounded symmetric function 7, € C*°(R) which is positive on
(—1,1) and vanishes outside (—1,1). We also impose that [pm = 1
and assume that |e| < 1.

Suppose o € ACy(a,b; M) and v : (a,b) x RP — RP is a velocity
associated to o so that ¢t — [|v]],, € L™®(a,b). Suppose that for each
t € (a,b) there exists p; > 0 such that o, = p,LP.

We can extend o and v in time on an interval larger than [a,b].
For instance, set 6; = o, for t € (a — 1,a) and set 6; = o3, for ¢t €
(b,b + 1). Observe that ¢ € ACy(a — 1,b + 1;, M) and we have a
velocity ¥ associated to & such that 0, = v, for t € [a, b]. We can choose
o such that ||0,]|3, = 0 for ¢ outside (a,b). In particular, fab:ll 0|2, dt =

fab |[ve]|2,dt. In the sequel we won’t distinguish between o, & on the
one hand and v, v on the other hand. This extension becomes useful
when we try to define p{ as it appears in Equation 5.34. The new
density functions are meaningful if we substitute ¢ by ¢ and impose
that e € (0,1).

For € € (0,1), set

634) i) = [ = rorla)dr, of = piL”,
(i) = [ it = Pprla)er ()i

Note that p¢(z) > 0 for all t € (a,b) and z € RP and pf is a probability
density. Also, v¢: (a,b) x RP — RP is a velocity associated to o¢.
In the sequel we set

C? = /RD \z*n(z)dz, C) = /Rnl(T)TdT, Cyp:=  sup |[orffo,.

T€(a—1,b+1)

Lemma 5.19. We assume that for each t € (a,b) there exists p; > 0
such that o; = p;LP. Then o € ACy(a,b; M). Fora < s <t <b,

(i) Walp, fL7) < eC, (i) ||vf]

of S Cv and (ZZZ) WQ(O’;,O’t) S 60101).
Proof: We denote by U the set of pairs (u,v) such that u,v € C(R”)

are bounded and u(z)+v(y) < |z —y|? for all 7,y € RP. Fix (u,v) € U.
By Fubini’s theorem one gets the well-known identity

63) [ @@= [ au) [ -y
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Since v(y) = [op v(y)7e(x — y)dz, Equation 5.35 yields that
[, r@aa s [ owinty
= /RD dp(y) /RD ne(z —y)(u(x) +v(y))dz
(5.30) < [ dutw) [ o=l =y
= [ duto) [ GuC)lapas = ce

To obtain Equation 5.36 we have used that (u,v) € U. We have proven
that [op u(z)f(z)dz + [ppv(y)du(y) < C?€* for arbitrary (u,v) € U.
Thanks to the dual formulation of the Wasserstein distance Equation
2.2, we conclude the proof of (i).

Note that for each ¢t € (a,b) and z € R?, nf(t — 7)p,(z)/pi(x) is a
probability density on R. Hence, by Jensen’s inequality

E@F = |1sita) [ ai(t = Dpr(opor(o)ir|
< 1/sila) [ it = ola)lon @) dr

We multiply both sides of the previous inequality by pf(z). We in-
tegrate the subsequent inequality over R and use Fubini’s theorem to
conclude the proof of (ii).

We use (ii) and Remark 2.11 (i) to obtain that o € AC5(a, b; M).

We have
/RD u(z)doy(x) = /RD “<x)dx/Rﬁf(7')ptT(x)dT
) (

- /Rn;(T dr /RDU z)do,_. ().

Hence, using that v(y) = [ 7{(7)v(y)dr, we obtain
(5.37)

/RD u(z)doy(x) + /RD v(y)doy(y) = /Rnf(T)dT (/RD udo,_. + /RD vdaT>

(5.38) /Rnf(T)WQQ(at_T, o)dT

IN

(5.39) n(7)r*Cldr = €0, C2.

IA
T
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To obtain Equation 5.38 we have used the dual formulation of the
Wasserstein distance Equation 2.2 and the fact that (u,v) € U. We
have used Remark 2.11 to obtain Equation 5.39. Since [, udos +
Jgp vdo, < eCC, for arbitrary (u,v) € U, we conclude that (iii) holds.
QED.

Remark 5.20. Assume that for each ¢ € (a,b) there exists p; > 0 such
that oy = p,LP. Let ¢ € C.(RP). Setting I4(t) := [un (@, v)pedLP, we
have

) | [ to.)ide?| = i< 1(0)] < il C.

Corollary 5.21. Suppose that for each t € (a,b) there exists p; > 0
such that oy = pLP. Then, for each t € la,b], {o}es0 converges to
oy in M as € tends to zero. For L'-almost every t € [a,b], {o5vf}eso
converges weak-x to o,vy as € tends to zero.

Proof: By Lemma 5.19 (iii), {of }c~0 converges to o; in M as € tends
to zero.

Let C be a countable family in C.(RP). For each ¢ € C.(RP), the
set of Lebesgue points of I, is a set of full measure in [a, b]. For these
points 7§ * 1,(t) tends to I,(t) as € tends to zero. Thus there is a set S
of full measure in [a, b] such that for all ¢ € C and all t € S, 0] * I,(t)
tends to I4(t) as € tends to zero. The S’ of Lebesgue points of V' is a
set of full measure in [a, b]. Fix ¢ € C.(RP) and choose § > 0 arbitrary.
Let ¢ € C be such that ||¢ — ¢|| < 0. Note that

o 5 Lo(8) = L ()] < I Lolt) — Lo(8)| + I+ Lo (O] + Lo (0)].
We use inequality 5.40 to conclude that

5 % Lp(t) — Lo ()] < [nf * 1(t) — Lo(t)] 4 20C,.
If t € SN.S’, the previous inequality gives that lim sup,_, 1§ * I, (t) —
I,(t)| < 20C,. Since § > 0 is arbitrary we conclude that lim. . |7 *
I,(t) — I,(t)| = 0. QED.

Corollary 5.22. Suppose € ACy(a,b; M) for all a < b, v is a veloc-
ity associated to & and 0o > C := sup;e(y ||Vt]|5,- Define

)= [ e pint). o= L
@)= [

. np(x — )0 (y)doy(y).
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As in Equation 5.34, we define for 0 < e < 1,

) = [ =) fdr, ot i e

@%mﬁ%mﬁaém&—rﬁxwqur

Then,

(i) 0" is a velocity associated to 6" and, for each t € (a,b), {a}}, con-
verges to o, in M as r tends to zero. For L'-almost every t € (a,b),
0] [|sr < C and {757 }r~0 converges weak-+ to 1,0, asr tends to zero.
(i1) v is a velocity associated to o" and, for each t € (a,b), {7, }<

€,T
’ |6_t5,7‘ S

converges to a; in M as € tends to zero. For everyt € (a,b), ||v;
C while for L'~almost every t € (a,b), {0, 5, }rw0 converges weak-x
to v;0; as € tends to zero.

(iii) The function t — Aer(vi") is continuous while t — Nz, () is
measurable on (0,T).

(iv) Suppose in addition that o and v are time—periodic:

Oy = Op—ft/TiTs Ut = Up—[t/TIT-

Here [-] stands for the greatest integer function. Then of" = 03" and
vy = vy

Proof: It is well known that ||0]||s;r < |[t3]|s, < C (see [4] Lemma
8.1.10) so, by Remark 2.11 (i), ¢ € ACy(a,b; M). One can readily
check that v" is a velocity associated to ¢". Lemma 5.19 shows that,
for each t € (a,b), {7} }, converges to d; in M as r tends to zero. Let
@ € C.(RP RP). Set ¢ := nf, * ¢. Since {¢"},~o converges uniformly
to ¢,

lim [ (p,0;)do; = / (T, ") day.
r—0 JpD RD

Thus {0]5] },~0 converges weak-* to 0,7, as r tends to zero. This
proves (i).

We next fix » > 0. For a moment we won’t display the dependence
in 7. For instance we write v¢ instead of v;”" as in Equation 5.34. Note
that p¢ € C'([a,b] x RP), p¢ > 0 and pS is a probability density. Also
v € Cl([a,b] x RP,RP) and v° is a velocity associated to o°. Fix
t € [a,b C (a,b). Lemma 5.19 gives that |[vf]|,e < C for all € > 0
small enough. By Corollary 5.21 {vfof}.~o converges weak-* to v;0; as
e tends to zero. This proves (ii).

By Lemma 5.16, t — Ay (vf) is continuous in (a, b). Hence by (ii) t —
A7 (7) is measurable as a pointwise limit of measurable functions. We
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then use (i) to conclude that t — A, (7;) is measurable as a pointwise
limit of measurable functions. This proves (iii). The proof of (iv) is
straightforward. QED.

5.5. Integration of regular pseudo 1-forms. We can now study
the properties of regular pseudo 1-forms with respect to integration.

Corollary 5.23. Let 0 € ACy(a,b; M) and let v be a velocity asso-
ciated to o. Suppose t — ||vi||s, is square integrable on (a,b). Then
t — A,,(v) is measurable and square integrable on (a,b).

Proof: Let ¢ be the reparametrization of ¢ as introduced in Remark
2.13 and let © be the associated velocity. By Corollary 5.22 (iii), be-
cause supyc( 1) ||0s]l, < 1, we have that s — A5, (0,) is measurable.
But A, (v;) = S(t)/_ngm(ﬁS(t)). Thus t — A, (v;) is measurable.

By Corollary 5.10 there exists a constant C, independent of ¢ such
that ||As,||s, < C, for all t € [a,b]. Thus

sl = | [ (Asodn] < Al < Colorlo

Since t — ||vy]|,, is square integrable, the previous inequality yields the
proof. QED.

Corollary 5.24. Suppose {0" }o<r<c C AC3(a,b; M), V" is a veloc-
ity associated to o" and oo > C = sup ep |[v]|lo; where E =
la,b] x [0, c|]. Suppose that, for L'-almost every t € (a,b), {vio} }r~0
converges weak-x to vioy and {0} }r~¢ converges in M to o, as r tends
to zero. If (t,r) — o} is continuous at every (t,0) € [a,b] x {0} then
lim,_g fab Ay (V7)dt = fab A, (v)dt. Here we have set o, := o?.

Proof: By Lemma 5.10 we may assume without loss of generality that
|Agr||or is bounded on E by a constant C' independent of (¢,7) € E.
We obtain

(5.41) sup [Agr(vf)] < sup |[Aor|lor||vf oy < CC.
(t,r)eE (t,r)eE

Corollary 5.15 ensures that lim, o Aor(vy) = A,,(v;) for £'-almost
every t € [a,b]. This, together with Equation 5.41 shows that, as r
tends to 0, the sequence of functions t — A,r(vy) converges to the
function t — A, (v;) in L'(a,b). This proves the corollary. QED.
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Definition 5.25. Let 0 € ACy(a,b; M) and let v be a velocity as-
sociated to 0. Suppose t — ||vy||s, is square integrable on (a,b). By
Corollary 5.23, t — A,,(v;) is also square integrable on (a, b). It is thus

meaningful to calculate the integral fab A, (v,)dt.
We will call fab A, (v;)dt the integral of A along (o,v). When v is the

velocity of minimal norm we will write this simply as fab/_\ and call it
the integral of A along o.

Remark 5.26. Suppose that r : [¢,d] — [a, b] is invertible and Lipschitz.
Define 6, = 0,(5). Then 6 € ACy(c, d; M) and v5(x) = 7(s)vy(5)(2) is a
velocity for ¢. Furthermore, fcd As, (D) dt = f; A, (v;)dt.

Proof: Let 8 € L?*(a,b) be as in Definition 2.10. Then
r(s+h) sth

| e =| [ s
r( s

)
where (3(s) := |7(s)|3(r(s)). Because 3 € L?(c, d) we conclude that & €
ACy (e, d; M). Direct computations give that, for £! a.e. s € (¢, d),

’115% WQ(UT(S+h)v 0r(5))/|h| = [7(s)[|o’|(r(s)).

Thus |67|(s) = |7(s)] |07]|(r(s)). Let ¢ € C=°(RP) and let v be a velocity
for o (see Proposition 2.12). The chain rule shows that, in the sense of
distributions,

d

% ¢dar(s) = 7'(8) <V¢7 Ur(s)>ar(s) = <V¢7 /(_]s>637
RD

Wa <Jr(s+h) ) 0r(s)> <

where Us(x) = 7(s)v,(5)(2). Thus © is a velocity for &. Using the linearity
of A we have

d d b
/ Ry (3.)ds — / #(5) o, (Ur()ds = / Ry, (vy)dt.
This concludes the proof. QED.

5.6. Green’s formula for annuli, and the cohomology of regular
pseudo 1-forms. Let 0 € ACy(a,b; M) and let v be its velocity of
minimal norm (see Proposition 2.12). The following proposition is
extracted from [4] Theorem 8.3.1 and Proposition 8.4.5.

Proposition 5.27. Let Ny be the set of t such that v; fails to be in
T, M. Let Ny be the set of t € [a,b] such that (7‘(‘1 X (m? — 7T1)/h> Mh
#

fails to converge to (Id x v;),, in the Wasserstein space Po(RP x RP),
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for some ny, € Ty(oy, 044n). Let N be the union of Ny and Na. Then
LYN) = 0.

As in Section 5.3, for r € (0,1) and s € [r, 1] we define

Dyz = sz, o(s,t) = 0] = Dsyoy,
w(s, t, ) =w/(z) = - D'z, w(s,t,-) =vf = Dy,
s
According to Lemma 4.2, for each s € [r,1], o(s, ) € ACy(a,b; M)
admits v(s,-) as a velocity. For each ¢t and ¢ € C>°(RP), in the sense
of distributions,

d d

— doy = — d
& et = 4 [ sty
= / (Vo(sx), x)doy(x) = / (Vo,w;)doy.
RD RD

Thus w(-,t) is a velocity for o(-,t). We assume that

[l0"]loc 1= sup [vi][s, < o0

t€la,b]

By Remark 2.11,

& = sup Wy(oy,dy) < oo.

tela,b]

By the fact that D,y0, = 0] we have
(5.42) W3(os,00) = s°W3 (04, 00) < s°c) < C,.
Here, we are free to choose C, to be any constant greater than 2.

Remark 5.28. Note that (14 h/s)Id pushes o7 forward to o;™ and is
the gradient of a convex function. Thus

V" i= (1 x (1+h/s)Id) o7 € To(of,07™).
#

For v"—almost every (x,y) € RP x RP we have y = (1 + h/s)x, so

(5:43) 0™ (3) = (s + Bpu(—2) = (L4 Do) = (14 D)o o).

Using the definition of o7 and v; we obtain the identities
(544)  [|Hdlo; = s|Ld[|o, < sCo 0707 = sllvillo, < 5[0

We use the first identity in Equation 5.44 and the fact that (1+h/s)Id
pushes o} forward to 07" to obtain

h? .
(5:45) W5(o7, 07"") = Sl|1d[[5; = (| 1d][7, = h*W5 (01, 09) < h*C7.
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Set

Lemma 5.29. For each t € (a,b) \ N, the function V(t,-) is dif-
ferentiable on (r,1) and its derivative is bounded by a constant Li(r)
depending only on o and r. Furthermore

s

0. (5.0) = [ (g0 LD dop )+ [ Byl (o), i) do o).

S RD

Proof: Let C,(r) be as in Corollary 5.13 and let C,, be as in Equation
5.42. We use Equations 5.13, 5.43 and then Holder’s inequality to
obtain
(5.46)

h

[V (s+h, )=V (5, )] < =1 g [0+ 2e(R)Wa(o7, 037 [

O’f+h'
We combine Equations 5.44, 5.45 and 5.46 to conclude that
(5.47) |V(s+h,t) =V (s,t)| < hCy(r)]|0"||cc +2hec(A)Cyp(s+h)| 0|00

This proves that V (-, ) is Lipschitz on (r, 1) and that its derivative is
bounded by a constant L;(r). As in Remark 5.8,

(5.48) }lliH(l) V(s+h,t) —V(s,t)

s+h Y]
— lim <AO_S (x)7 Uy (y> Uy (.CL’) >d")/h
h—0 RD xRD ¢ h

y—x
s Bl )
RD xRP

+% /RDxRD (Agyn(y) = Aoy (2) = Boy (x)(y — 2), 07" (y)) ey

By Equation 5.11, the last inequality in Equation 5.44 and Equation
5.45 we have
(5.49)

1 .
fim (Agein(y) = Ags (2) = Bos () (y—), v; () )dr" (2, y) = 0.
- RD xRD



DIFFERENTIAL FORMS AND HAMILTONIAN SYSTEMS 41

We use Equations 5.43, 5.48, 5.49 and the fact that, for ~; " _almost
every (z,y) € RP x RP y = (1+ h/s)x to conclude that

L V(s +ht) = V(s1)

h—0 h
~ [ tno) Tyt o)+t [ (B0, 0+ D)o o)
@)

— [ @ "oz w) + [ (Baloui o). op()io o).
RD RD
This proves the lemma. QED.

<
o

I~

Lemma 5.30. For each s € [r,1] and t € (a,b) \ N, the function
W (s,-) is differentiable at t and its derivative is bounded by a constant
Lo(r) depending only on o and r. Furthermore

o (s.0) = [ Ay W Ddop(w)+ [ (wi(o). By i) do o),

S

Proof: We would like to apply Lemmas 5.17 and 5.18 with X, sub-
stituted by w; and o, substituted by o}. It suffices to show that if

t € (a,b) \ NV and v; € I'y(07,07,,) then <7r1 X (m? — 7r1)/h> v con-
#
verges to (Id X v)ys in Po(RP x RP) as h tends to 0. Set
= (D7 < DY) e
Since
o (D' x DYy =D 'or' and w*o (D;'x D;') =D, on?

we conclude that v;, € I'(oy, 0444). By the fact that the support of ~;
is cyclically monotone, we have that the support of v, is also cyclically
monotone. Hence v, € T',(0y, 0441). We have
2 1
1 -7 s
(' x T2 i
72 — 7t

= (Ds D% Ds)#<( - )#’Yh) — (Ds X Ds) o (Id x Ut) 40
= (Id x v})40;.

QED.

Corollary 5.31. For each s € (r,1) and t € (a,b) \ N we have

0 (Ros (1)) = 05 (Aos (v5)) = A (v, 7).
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Proof: This corollary is a direct consequence of Lemmas 5.12, 5.29
and 5.30. QED.

Remark 5.32. Notice that, unlike the setting of Proposition 5.2, in
Lemma 5.29 and Corollary 5.31 we don’t assume that v € C*((r, 1] x
(a,b)xRP RP). Although possibly neither Vu§ nor d,v] exist, Equation
5.43 ensures that [[v;™" o 72 — vf o 7||;n < h||0’||e. That inequality
was crucial in the proof of Lemma 5.29.

Theorem 5.33 (Green’s formula on the annulus). Consider in M the
surface S(s,t) = Dsgo for (s,t) € [r,1] x [0,T] and its boundary 0S
which is the union of the negatively oriented curves S(r,-), S(-,T) and
the positively oriented curves S(1,-), S(-,0). Then

/ ai = / .
S as
Proof: We use Corollary 5.31 to obtain
/dA:/ dt/ dA g0y (vf, wy)ds
S 0 r
T 1 B -
= dt O Asgisn(w;) ) — Os| Agisnn(v5) ) |ds
[ [(3een ) - ()
1, ~ T, -
= / (AS(aT)(w%)—AS(s,O)(wS)>dS— /0 (Asu,t)(vtl)—AS(nw(vI))dt

:/[\.
oS

QED.

Corollary 5.34. If we further assume that A is a closed pseudo 1-form
and that oy = op, then fOT Ay, (vs)dt = 0.

Proof: For s € [r, 1] define

T 1
I(s) = / Rseo(o)dt,  1(t) = / Rs(eny (1)) ds.
0 r

Since w§ = w§ and 0§ = Dygor = Deyoy = o, we have [(T') = 1(0).
This, together with Theorem 5.33 and the fact that dA = 0, yields
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T R (v0)dt = 1(1) = I(r). But

T T
(5.50)[1(r)] < / R ()]t < / sl scey 100 5oyt

T
< o'l /0 [ Ao lsendt,

where we have used the last inequality in Equation 5.44. The first in-
equality in Equation 5.42 shows that, for 7 small enough, {S(s, t) }+ex[o,m))
is contained in a small ball centered at dy. But Lemma 5.10 gives that
p — ||A,||, is continuous at dy. Thus there exist constants ¢ and rg
such that ||/_15(8,t)||5(57t) < cforall t € [0,7] and all r < rq. We can
now exploit Equation 5.50 to obtain

()| = limionf [L(r)] < limiglfrTcHU'HOO = 0.

QED.

Corollary 5.35. Let A be a reqular pseudo 1-form on M. Let A denote
the corresponding 1-form on M, defined by restriction. Assume A is
closed, i.e. dA = 0. Then A is exact, i.e. there exists a differentiable

function F' on M such that dF = A.

Proof: Fix p € M. Let ¢ be any curve in ACy(a,b; M) such that
04 = 0g and o, = p. Assume that v is its velocity of minimal norm and
that sup, ) ||ve|ls, < co. By Corollary 5.34, [ A depends only on ,
i.e. it is independent of the path o. Also, Remark 5.26 ensures that
fg A is independent of a, b. It is thus meaningful to define

We now want to show that F' is differentiable. Fix u,v € M and
v € Ty(p,v). Define oy := ((1 — t)m! + t7?)47y. Then o : [0,1] — M is
a constant speed geodesic between p and v. Let v, denote its velocity
of minimal norm. Clearly,

(5.51) F(v) — F(p) = /0 Ay, (v,)dt.

Let ¥ : RP — RP denote the barycentric projection of ~y, cfr. [4]
Definition 5.4.2. Set v := % — Id. Then v, := (7', (1 — t)n' +t7?) 4y €
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[,(09,0¢) and

Agt (Ut) - AC"O (U>
= /RD . <zzlao (CU); Ut(y) - U(SL’)> + <Bg(0) (SL’) (y — q;), Ut(y)>d%(l‘, y>

+ /}RDXRDMM (y) — Ay, (z) — Boy(2)(y — ), 0(y)Ydy (0, y).

By Equation (5.8) and Holder’s inequality,

}/RDX]RD (A, (y) = Aoy (x) = Boo (x)(y — @), vi(y))dve(, )|
< o(Wa(ao, a1)) [[villo. -

It is well known (cfr. [4] Lemma 7.2.1) that if 0 < ¢ < 1 then there
exists a unique optimal transport map T} between o; and oy, i.e.
Ly(or,01) = {(Id x T}) o, }. One can check that v(y) = % and
l|ve| |6, = Wal(oy, 01)/(1 —t) = Wa(0g, 01). Thus

/R o @) 0(y) = o) ()
= [, RV — (5(0) - o)

1t

= /(AUO(:(;), S ((11__296 +62) (z — x))dy(x,2) = 0.

Similarly,

/RDX]RD<B"° (@)(y — ), vi(y))dr(z, y)

= tADXRD<BUO(x)(z — 1),z — z)dy(z,Y)

= 0(W2<007 01)) = O(WQ(M7 V))
Combining these equations shows that

(5.52) Ao, (0) = Aoy (0) = 0o(Wa(p, v)).

Notice that (5.52) is independent of . Combining (5.51) and (5.52) we
find

F(v) = F(u)+Ro(0) + / R () — R (0)t
= () + Auy(0) + 0(Walp, 1))

= Pt [ (in(a)y = adal) + o Walye).
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As in Definition 4.11, this proves that F' is differentiable and that

V,F =m,(A,). Thus dF = A. QED.

Remark 5.36. Recall from Section 3.2 that the tangent spaces of Section
2.3 should intuitively be thought of as tangent to the orbits O, ~
Diff.(R”)/Diff. ,(RP). In this sense Corollary 5.35 shows that the first
de Rham cohomology group H*(O,;R) of each orbit vanishes. Notice
that if u is a Dirac measure then O, = R”, so this result makes sense.
Now recall that, for a finite-dimensional manifold M, the first de Rham
cohomology group is closely related to the topology of M, as follows:
HY(M;R) = Hom(m (M), R), where the latter denotes the space of
group homomorphisms from the first fundamental group m (M) to R.
For general 1, O, is not a manifold so it is not a priori clear that there
exists any relationship between our H'(O,;R) and 7,(0,). However,
we can informally prove the topological counterpart of Corollary 5.35
as follows.

Let G be a finite-dimensional Lie group and H be a closed subgroup.
Recall that there exists a homotopy long exact sequence

= m(H) - m(G) - m(G/H) = mo(H) — m(G) .. .,

cfr. e.g. [10], VIL.5. Now assume G is connected, i.e. my(G) = 1. We
can then dualize the final part of this sequence obtaining a new exact
sequence

(5.53) 1 — Hom(my(H),R) — Hom(m(G/H),R) — Hom(m(G),R).

Now set G := Diff.(R”) and H := Diff. ,(R?). In many cases it is
known that m1(G) is finite: specifically, this is true at least for D =
1,2,3 and D > 12, cfr. [5] for related results. Let us assume that H
has a finite number of components and that the homotopy long exact
sequence is still valid in this infinite-dimensional setting. Sequence 5.53
then becomes

1 —-1— Hom(m(0,),R) — 1,

so by exactness Hom(7(O,), R) must also be trivial.

5.7. Example: 1-forms on the space of discrete measures. Fix
an integer n > 1. Given zy,--- ,z, € R set x := (xy,--- ,2,) and
px = 1/nd 0 0y, Let M denote the set of such measures and 7'M
denote its tangent bundle, cfr. Examples 2.2 and 2.8. Choose a regular
pseudo 1-form A on M. By restriction we obtain a 1-form o on M,
defined by ay := A, . Let A: R"P? — R"P be defined by

A) = (A1), -+ An(o0)) 1= (D), Ap(n)).
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Notice that if X = (Xl, -, X,) € R satisfies X; = X; whenever

z; = x; then ax(X) = 2(A(x), X). Now define a n.D x n.D matrix B(x)

by setting

(5.54)

Bitijtj = (Bux(:vkﬂ)) . fork=0,--n—1, 4i,5=1,---,D,
ij

(5.55)

B, =0 it (I,m) ¢ {(k+i,k+j) :k=0,---n—1, ¢,j=1---, D}

Proposition 5.37. The map A : R"? — R"P is differentiable and
VA(x) = B(x) for x € R"P.

Proof: Let x = (z1,---,7,) € R"P. Set r = Ming, £, [7; — ;).
Ify = (y1, - ,yn) € R"P and |y — x| < r/2 then Ty(ux, py) has a
single element vy, = 1/nY 1" | 8y, and nW3(ux, py) = |y — x[%. By
Equation 5.8,

556 A~ AK) - By —x)P = n oY)

This concludes the proof. QED.

Lemma 5.38. Supposex = (z1,- -+ ,2,) € R"P and X = (X1,--+, X,,),
Y = (Y1, -+ ,Y,) € R are such that X; = X, Y; = Y, whenever
x; = xj. Then

dA,, (X,Y) = dox(X,Y).

Proof: We use Lemma 5.16 and Equations 5.54— 5.55 to obtain

n

dA, (X,Y) = Z<(BMX (21) — B (z1)7) Xa, Yk> — day(X,Y).

k=1

QED.

Corollary 5.39. Suppose that v = (ri,--- ,1,) € C%([0,T),R"P) and
set oy :=1/n Y0 0n. ). If A is closed and oo = o then [ a = 0.

Proof: This is a direct consequence of Corollary 5.34. QED.

Remark 5.40. One can check by direct computation that the familiar
identity 0;(ax(0sx)) — Os(ax(0ix)) = dax(dx,0sx) holds. Together
with Lemma 5.38 this shows that

0 (Ra(w)) = 0 (Rog (v)) = dho (07 07),

which we used to prove Theorem 5.34.
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Remark 5.41. Notice that the assumption oy = or is weaker than
r(0) =r(7).

6. A SYMPLECTIC FOLIATION OF M VIA HAMILTONIAN
DIFFEOMORPHISMS

In Section 3.2 we used the action of the group of diffeomorphisms
Diff.(RP) to build a foliation of M: this allowed us to formally recon-
struct the differential calculus on M. We now specialize to the case
D = 2d. In this case the underlying manifold R?? has a natural extra
structure, the symplectic structure w. The goal of this section is to
use this extra data to build a second, finer, foliation of M; we then
prove that each leaf of this foliation admits a symplectic structure €.
The foliation is obtained via a smaller group of diffeomorphisms de-
fined by w, the Hamiltonian diffeomorphisms. Section 6.1 provides an
introduction to this group, cfr. [34] or [30] for details.

6.1. The group of Hamiltonian diffeomorphisms. Recall that a
symplectic structure on a finite-dimensional vector space V' is a 2-form
w:V xV — R such that

(6.1) WiV oV v dw

> is an isomorphism; we will denote its inverse by

is injective. Then w
wh.

Let M be a smooth manifold of dimension D := 2d. A symplectic
structure on M is a smooth closed 2-form w satisfying Equation 6.1 at
each tangent space V = T, M; equivalently, such that w? is a volume
form on M. Notice that, since dw = 0, Cartan’s formula A.13 shows
that Lxw = dixw. Throughout this section, to simplify notation, we
will drop the difference between compact and noncompact manifolds
but the reader should keep in mind that in the latter case we always
silently restrict our attention to maps and vector fields with compact
support.

Consider the set of symplectomorphisms of M, i.e.

Symp(M) := {¢ € Diff(M) : p*w = w}.

This is clearly a subgroup of Diff(M). Using the methods of Section
A.3 (see in particular Remark A.21) one can show that it has a Lie
group structure. Its tangent space at Id, thus its Lie algebra, is by
definition isomorphic to the space of closed 1-forms on M. Via w* and
Formula A.13 this space is isomorphic to the space of symplectic or
locally Hamiltonian vector fields, i.e.

Symp X :={X € X(M) : Lxw = 0}.
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Remark 6.1. Equation A.9 confirms that Symp X is closed under the
bracket operation, i.e. that it is a Lie subalgebra of X (M). Equation
A.10 confirms that Symp X is closed under the push-forward operation,
i.e. under the adjoint representation of Symp(M) on Symp X, cfr.
Lemma A.20.

We say that a vector field X on M is Hamiltonian if the correspond-
ing 1-form & := w(X, -) is exact: £ = df. We then write X = X;. This
defines the space of Hamiltonian vector fields Ham X. It is useful to
rephrase this definition as follows. Consider the map

(6.2) C®(M) — X(M), fwsdf ~X;:=uHdf).

The Hamiltonian vector fields are the image of this map. This map
is linear. It is not injective: its kernel is the space of functions constant
on M. In Section 7.1 we will start referring to these functions as the
Casimir functions for the map of Equation 6.2.

Remark 6.2. We can rephrase the properties of the map of Equation
6.2 by saying that there exists a short eract sequence

(6.3) 0—-R—C®M)— HamX — 0.

As already mentioned, the function corresponding to a given Hamil-
tonian vector field is well-defined only up to a constant. In some cases
we can fix this constant via a normalization, i.e. we can build an
inverse map Ham X' — C*°(M). We then obtain an isomorphism be-
tween Ham X and the space of normalized functions. For example, if
M is compact we can fix this constant by requiring that f have integral
zero, [, fw? = 0. If instead M = R?* and we restrict our attention
as usual to Hamiltonian diffeomorphisms with compact support, we
should restrict Equation 6.2 to the space R & C°(R??) of functions
which are constant outside of a compact set; by restriction we then get
an isomorphism C%°(R??) ~ Ham X.

More generally, a time-dependent vector field X; is Hamiltonian if
w(Xy, +) = df; for some curve of smooth functions f;. We say that the
diffeomorphism ¢ € Diff(M) is Hamiltonian if it can be obtained as
the time ¢t = 1 flow of a time-dependent Hamiltonian vector field Xy,,
i.e. if @ = ¢1 and ¢; solves Equation A.8.

Let Ham(M) denote the set of Hamiltonian diffeomorphisms. It
follows from Lemma A.3 that all such maps are symplectomorphisms.
It is not immediately obvious that Ham(M) is closed under composition
but it is not hard to prove that this is indeed true, cfr. [34] Proposition
10.2 and Exercise 10.3. Once again, the methods of Section A.3 and
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Remark A.21 show that Ham (M) has a Lie group structure. Its tangent
space at Id, thus its Lie algebra, is isomorphic to the space of exact
1-forms, which via w# corresponds to the space of Hamiltonian vector
fields.

It is a fundamental fact of Symplectic Geometry that w defines a Lie
bracket on C*°(M) as follows:

{f, 9} = W(XﬁXg) = df(Xg> = Lng-

This operation is clearly bilinear and antisymmetric. The fact that
it satisfies the Jacobi identity, cfr. Definition A.2, follows from the
following standard result.

Lemma 6.3. Let ¢ € Symp(M). Then ¢* Xy = Xy and ¢*{f, g} =
{o*f,d*g}. Applying this to ¢, € Symp(M) and differentiating, it
implies:

(64) »CXh{f)g}:{Ethag}+{f7£th}
Lemma 6.4. The map f — Xy has the following property:

Xirgy = —[ X5, Xyl

Proof: It is enough to check that dh(Xsgy) = —dh([ Xy, X,]), for all
h € C®(M). As usual, it will simplify the notation to set X (f) :=
df(X). In particular X¢(h) = {h, f} and dh([X,Y]) = X(Y(h)) —
Y(X(h)). Then:

X{fyg}<h) = {hv{fag}}:_{fv{gvh}}_{gv{h7f}}

_{{h7g}7f} + {{h7f}7g}
= —Xp(Xg(h) + Xg(X¢(h)) = = [Xy, X[ (h).

QED.

Recall from Section A.3 the negative sign appearing in the Lie bracket
[, -]g on vector fields. It follows from Lemma 6.4 that the map of Equa-
tion 6.2 is a Lie algebra homomorphism between C*°(M) and the space
of Hamiltonian vector fields, endowed with that Lie bracket.

Remark 6.5. Lemma 6.4 confirms that Ham X" is a Lie subalgebra of
X(M). Lemma 6.3 confirms that it is closed under symplectic push-
forward, so in particular it is closed under the adjoint representation
of Ham(M).
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Remark 6.6. Notice that Ham(AM) is connected by definition. If M
satisfies H'(M,R) = 0, i.e. every closed 1-form is exact, then every
symplectic vector field is Hamiltonian. Now assume that ¢ € Symp(M)
is such that there exists ¢; € Symp(M) with ¢ = Id and ¢; = ¢. It
then follows from Lemma A.3 that ¢ is Hamiltonian, i.e. that the con-
nected component of Symp(M) containing the identity coincides with
Ham(M). In particular this applies to M = R?*¢, so in later sections
we could just as well choose to work with (the connected component
containing Id of) Symp,(R??) rather than with Ham,(R??). We choose
however not to do this, so as to emphasize the fact that for general M
the two groups are indeed different and that generalizing our construc-
tions would require working with Ham (M) rather than with Symp(M).

Remark 6.7. In many cases it is known that Symp(M) is closed in
Diff(M) and that Ham(M) is closed in Symp(M ), see [34] and [36] for
details.

6.2. A symplectic foliation of M. The manifold R?? has a natural
symplectic structure defined by w := dx® A dy’. Let J denote the

natural complex structure on R?? defined with respect to the basis
ort, ..., 0x%, 0y', ..., 0y by the matrix

0 —I
J = ( I 0 > '
Notice that w(-,-) = g(J-,-). It follows from this that Hamiltonian
vector fields on R?? satisfy the identity

(6.5) X;=—JVF.

Set G := Ham,(R??), the group of compactly-supported Hamiltonian
diffeomorphisms on R??. Let Ham X, denote the corresponding Lie
algebra, i.e. the space of compactly supported Hamiltonian vector

fields on R??. The push-forward action of Diff.(R??) on M restricts to
an action of G. The corresponding orbits and stabilizers are

O, ={veM:v=cgyp, forsome¢pecG}, G, :={p€G:dsp=p}

Notice that this action provides a second foliation of M, finer than the
one of Section 3.2.

Example 6.8. As in Example 2.2) let a; (i = 1,...,n) be a fixed
collection of positive numbers such that >~ a; = 1 and zy,. .., 7, € R*?
be n distinct points. Set =Y, a;d,, € M and

n
0= {Zaid@. DT, ..., Tn € R are distinct}.

=1
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Since smooth Hamiltonian diffeomeorphisms are one-to-one maps of
R?? it is clear that O, C O. Given any 7; € R*\ {z,,...,,} one can
show that there exists a Hamiltonian diffeomorphism ¢ with compact
support such that ¢(z;) = 1 and ¢(x;) = z; for i # 1. Thus, setting
fii= a1 0z, + Y i a; 0y, we see that i € O,. Repeating the argument
n — 1 times we conclude that O C O, so O = O,,.

Definition 6.9. Let 4 € M. Consider the L?(p)-closure Ham X, of
Ham &,.. We can restrict the operator div, to this space; we will con-
tinue to denote its kernel Ker(div,). We define the symplectic tangent
subspace at i to be the Hilbert space

T,0 = Ham X." /Ker(div,) < L*(u)/Ker(div,,).

Recall from Remark 2.7 the identification m, : L*(u)/Ker(div,) —
T, M. By restriction this allows us to identify 7,0 with the subspace
m,(Ham X.") < T, M. We define the pseudo symplectic distribution on
M to be the union of all spaces Ham X", for u € M. It is a subbundle
of T M. We define the the symplectic distribution on M to be the union

of all spaces T,,0, for p € M. Up to the above identification, it is a
subbundle of T'M.

Remark 6.10. Recall that in general a Hilbert space projection will
not necessarily map closed subspaces to closed subspaces. Thus it is
not clear that m,(Ham X.") is closed in T, M. In other words, from
the Hilbert space point of view the two notions of 7,0 introduced in
Definition 6.9 are not necessarily equivalent. This is in contrast with
the two notions of 7, M, cfr. Definition 2.5 and Remark 2.7.

Remark 6.11. Formally speaking the symplectic distribution is inte-
grable because it is the set of tangent spaces of the smooth foliation
defined by the action of G.

Example 6.12. It is interesting to compare the space Ham X to
the subspaces defined by Decomposition 2.5. For example, let u = 4.
Recall from Example 2.8 that for any £ € L?*(u) there exists p € C°
such that £(z) = V@(z). Thus VC®" = L?(u). Now choose any
X € L*(u) and apply this construction to ¢ := JX. Then X(z) =
—JV@(z), so Ham X, = L?*(;1). This is the infinitesimal version of
Example 6.8. In particular, Ham X, =V 030”.

The “opposite extreme” is represented by the absolutely continuous
case i = pL, for some p > 0. In this case if a Hamiltonian vector field
is a gradient vector field, e.g. —JVv = Vu, then the function u + iv
is holomorphic on CY, so u and v are pluriharmonic functions on R?
in the sense of the theory of several complex variables. This is a very
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strong condition: in particular, it implies that v and v are harmonic.
Thus Ham X, NV C° = {0}.

We can also compare Ham X, with Ker(div,). When pu = 8, we
saw in Example 2.8 that Ker(div,) = {0}, so Ham X." N Ker(div,) =
{0}. On the other hand, assume p = pL for some p > 0. Then
div,(X) = pdiv(X) 4+ (Vp, X). Choose X = —JV f. Then div(X) =0
so div,(X) = 0 iff (Vp,—JVf) = 0. Choosing in particular f = p
shows that Ham &, N Ker(div,) # {0}.

We now want to show that each 7,0 has a natural symplectic struc-
ture; this will justify the terminology of Definition 6.9. We rely on the
following general construction.

Definition 6.13. Let (V,w) be a symplectic vector space. Let W be
a subspace of V. In general the restriction of w to W will not be non-
degenerate. Set Z := {w € W : w(w,-)w = 0}. Then w reduces to a
symplectic structure on the quotient space W/Z, defined by

w([w], [w']) := w(w,w").

In our case we can set V := L*(u) and W := Ham X.". The 2-form

~

(6.6) Q.(X,Y) ::/ w(X,Y)du

defines a symplectic structure on L?(;). The restriction of Qu defines
a 2-form

Q,  Ham X" x Ham X" — R.

Notice that Qu is continuous in the sense of Definition 4.6, so ﬁu can
also be defined as the unique continuous extension of the 2-form

(6.7) Q,:Ham X, x Ham X, — R, Q,(X;, X,) = /W(Xf,Xg) dpu.
Notice also that, for any X € L?(u),

08 [et X == [ 0 dn = (din, (). £)

so [w(X,)dpy = 0 on Ham X" iff X € Ker(div,). This calcula-
tion shows that the space Z of Definition 6.13 coincides with the space
Ker(div,)NHam X.". We can now define €1, to be the reduced symplec-

tic structure on the space 7,0 = W/Z. In terms of the identification
m,, this yields

(69) O : TLOXT,O — R, Qu(ma(X;),ma(X,)) = / W(X. X,) dp.
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Using Equation 6.5 we can also write this as

007X = [V LIV = [ o195 V)dy

We now want to understand the geometric and differential properties
of 0. It is simple to check that (2 is G-invariant, in the sense that
¢*2 = Q, for all ¢ € G. Indeed, using Definition 4.10 and Lemma 6.3,

<¢*§>M<Xf’ Xg) = ﬁ¢#u(¢* (Xf>7 ¢*(Xg))

= /R2d (U(Xfogbfl,Xgoqgfl) d@#u
= [ {fo0go0 Yoy
= [ Uabo ™ dopn = 0,(X;,X,)

It then follows that €2 is also G-invariant.

Lemma 6.14. Given any X,Y,Z € Ham X,

(6.10) XQY,2)-YQX,Z)+ ZQ(X,Y)

Proof: Notice that Q(Y,Z) is a linear function on M in the sense
of Example 4.9. It is thus differentiable, cfr. Example 4.13, and
XQY,Z) = [Xw(Y,Z)dp. It follows that the left hand side of

Equation 6.10 reduces to [ dw(X,Y, Z)du, which vanishes because w
is closed. QED.

This shows that  is differentiable and closed in the sense analogous
to Definition 4.14, 7.e. using Equation A.11 with £ = 2 instead of & = 1.
Using the terminology of Section 4.2 we can say that Q is a closed
pseudo linear 2-form defined on the pseudo distribution p — Ham X"
of Definition 6.9.

Remark 6.15. As in Remark 6.10, it may again be useful to emphasize
a possible misconception related to the identification

7, Ham X, [Ker(div,) ~ m,(Ham X.").

One could also restrict €, to the subspace W’ := 7, (Ham X."), ob-
taining a 2-form

(X)) = [l (79,7 V) d
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It is important to realize that QL does not coincide, under ,, with €2,,.
Specifically, 2, differs from €2, in that it does not take into account
the divergence components of Xy, X,.

In the framework of [4] it is more natural to work in terms of the
subspace m,(Ham X)) C T, M than in terms of the quotient space
Ham X." /Ker(div,). From this point of view, the choice of Q, as a
symplectic structure on 7,0 may seem less natural than the choice of
Q. The fact that €2, is even well-defined on 7,0 follows only from
Equation 6.8. Our reasons for preferring €1, are based on its geometric
and differential properties seen above. Together with Remark 6.10,
this shows that from a symplectic viewpoint the identification m, is
not natural.

We can now define the concept of a Hamiltonian flow on M as fol-
lows.

Definition 6.16. Let F' : M — R be a differentiable function on M
with gradient VF. We define the Hamiltonian vector field associated to
F to be Xp(p) :==m,(—JVF). A Hamiltonian flow on M is a solution
to the equation

o .
a—tt = —div,, (Xp).

We refer to [3] and to [24] for specific results concerning Hamiltonian
flows on M.

6.3. Algebraic properties of the symplectic distribution. Re-
gardless of Remarks 6.10 and 6.15, from the point of view of [4] it is
interesting to understand the linear-algebraic properties of the sym-
plectic spaces (7,,0,%,), viewed as subspaces m,(Ham X)) < T,M.
Throughout this section we will use this identification. We will mainly
work in terms of the complex structure J on R?? and of certain related
maps. This will also serve to emphasize the role played by J within
this theory. The key to this construction is of course the peculiar com-
patibility between the standard structures g := (-,-), w and J on R??,
which we emphasize as follows.

Definition 6.17. Let V' be a vector space endowed with both a metric
g and a symplectic structure w. Recall that there exists a unique A €
Aut(V') such that w(-,-) = g(A-,-). Notice that under the isomorphism
V ~ V* induced by ¢, A coincides with the map w’ of Equation 6.1.
The fact that w is anti-symmetric implies that A is anti-selfadjoint,
i.e. A* = —A. We say that (w,g) are compatible if A is an isometry,
i.e. A* = A~!. In this case A2 = —Id, i.e. A is a complex structure
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on V. A subspace W < V is symplectic if the restriction of w to W
is non-degenerate. In particular, if ¢ and w are compatible than any
complex subspace of V' is symplectic.

The analogous definitions hold for a smooth manifold M endowed
with a Riemannian metric g and a symplectic structure w. In general,
given any function f on M, the Hamiltonian vector field X is related
to the gradient field Vf as follows: X; = A7'Vf. If g and w are
compatible then X; = —AVf.

The standard structures g and w on R?? are of course the primary
example of compatible structures. Given any u € M, CAT‘M and Qu
(defined in Equations 2.4 and 6.6) are compatible structures on L?(u).
In this case the corresponding automorphism is the isometry

J 1 LA (p) — L (p), (JX)(z) = J(X()).

Remark 6.18. Notice that Ham X, = —J(T,,M). Thus Ham X, is
J-invariant iff 7, M is J-invariant iff 7,0 = T, M. In this case, ﬁu =
Q, = Q,. Example 6.12 shows that this is the case if p is a Dirac
measure. Example 6.12 also shows that if 4 = pL for some p > 0
then the space V C° is totally real, i.e. J(V C°)NV C® = Ham XN
Ve ={0}.

Our first goal is to characterize the orthogonal complement of the
closure of 7,0 in T,, M. Recall that any continuous map P : H — H on
a Hilbert space H satisfies Image(P)*+ = Ker(P*), where P*: H — H
is the adjoint map. This yields an orthogonal decomposition H =
Image(P) & Ker(P*).

Our first example of this is Decomposition 2.5, corresponding to the
map P := 7, defined on H := L?*(p): in this case Image(P) is closed
and 7, is self-adjoint so Ker(P*) = Ker(m,).

Now consider the map P := m, o J, again defined on L?(u). In this
case P* = —J om, and Image(P) = Image(r,), Ker(P*) = Ker(7,)
so the decomposition corresponding to P again coincides with Decom-
position 2.5. On the other hand, Image(P*) = —J(Image(rw,)) and
Ker(P) = J '(Ker(r,)) = —J(Ker(w,)) so the decomposition corre-
sponding to P* is the (—J)-rotation of Decomposition 2.5, i.e.

(6.11) L*(u) = Image(P*) @ Ker(P) = —J(VC=") @ — J(Ker(div,)).

Let us now introduce the following notation: given any map P de-
fined on L2(u), let P' denote its restriction to the closed subspace
T, M = Image(n,). Consider once again P := m,0J. Then Image(P’) C
Image(7,) so we can think of P’ as a map P’ : T, M — T, M, yielding
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a decomposition 7, M = Image(P’) ® Ker(P"™). It is simple to check
that

P" = (m,0P*) = (m,0(=J)om,)".
Since m, = Id on T, M we conclude that P* = —PF’, i.e. P’ is anti-
selfadjoint. This implies that Ker(P™) = Ker(P’) so

(6.12) T, M = Image(P’) ® Ker(P') = T,,0 & Ker(F').
We can summarize this as follows.

Lemma 6.19. For any u € M there exist orthogonal decompositions
(6.13)

L*(p) = Ham X" @ Ker(n, 0 J), T,M =T,0 & Ker((r, o D) i1m)-
In particular, this describes the orthogonal complements of the sub-
spaces Ham X" and T,0.

Remark 6.20. It follows from Example 6.12 that if 4 = §, then the
map P’ is an isomorphism. If instead u = pL for some p > 0 then P’
is neither injective nor surjective.

Now assume that 7,0 is closed in T, M. It then follows from Decom-
position 6.12 that the restriction P” of P to T,,0 gives an isomorphism
P" . T,0 — T,0. Set A := —(P")"! so that A~ = —P". It is
simple to check that Q,(-,-) = G,(A-,-). Indeed, choose X,Y € T,0.
Then X = P"(X) = Ty O J(X) for some X € T, 0. Analogously,
Y =m,o0 J(Y). Then, using the fact that X € T M,

Q. (X,Y) = /w(JX,JY) dp = —/(X,JY/> du

A

— _/<X,7TH(JY)>dM:—GH(X,Y)
= G.(AX,Y).

In other words, A is the automorphism of 7,0 relating 2, and G, as
in Definition 6.17. In particular this proves the following result.

Lemma 6.21. Assume that T,,0 is closed in T,M. Then the map
O :T,0 - T,0%, X — Q,(X,)
s an isomorphism.

Remark 6.22. If p is a Dirac measure it is clearly the case that G, and
(2, are a compatible pair in the sense of Definition 6.17. This amounts
to stating that (P”)? =moJomoJ = —Id on T,0. It is not clear if
this is true in general.
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7. THE SYMPLECTIC FOLIATION AS A POISSON STRUCTURE

Most naturally occurring symplectic foliations owe their existence to
an underlying Poisson structure. The symplectic foliation described in
Section 6.2 is no exception. The existence of a Poisson structure on a
certain space of distributions was pointed out in [31]. It boils down to
the fact that the symplectic structure on R?? adds new structure into
the framework of Section 3.3. The goal of this section is to explain
this in detail and to show that, reduced to M, this Poisson structure
coincides with the symplectic structure 2 defined in Section 6.2. We
start with a brief presentation of finite-dimensional Poisson Geometry,
referring to [30] for details.

7.1. Review of Poisson geometry. Recall from Section 6.1 that any
symplectic structure w on a manifold M induces a Lie bracket on the
space of functions C*°(M). Using the Liebniz rule for the derivative of
the product of two functions, we see that the corresponding operators
{-, h} have the following property:

{fg,h} = d(fg9)(Xn) = df (Xn)g + dg(Xpn)f = {f. h}g+ {9, h} f.

This leads to the following natural “weakening” of Symplectic Geome-
try.

Definition 7.1. Let M be a smooth manifold. A Poisson structure on
M is a Lie bracket {-,-} on C*°(M) such that each operator {-, h} is a
derivation on functions, i.e.

{fg.h} ={f.hyg+{g.h}f.
A Poisson manifold is a manifold endowed with a Poisson structure.
On any finite-dimensional manifold it is known that the space of
derivations on functions is isomorphic to the space of vector fields.

Thus on any Poisson manifold any function A defines a vector field
which we denote Xj: it is uniquely defined by the property that

df (Xn) = {f,h}, V[ e C*(M).

We call X} the Hamiltonian vector field defined by h. As in Section
6.1, this process defines a map

(7.1) C=(M) — X(M), f— X;.

The kernel of this map includes the space of constant functions, but
in general it will be larger. We call these the Casimir functions of the
Poisson manifold. Its image defines the space Ham(M ) of Hamiltonian
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vector fields. Lemma 6.4 applies with the same proof to show that the
map of Equation 7.1 is a Lie algebra homomorphism (up to sign).

At each point x € M, the set of Hamiltonian vector fields evaluated
at that point define a subspace of T, M. The union of such subspaces is
known as the characteristic distribution of the Poisson manifold. This
distribution is involutive in the sense that M admits a smooth foliation
such that each subspace is the tangent space of the corresponding leaf.
In particular each leaf has a well-defined dimension, but this dimension
may vary from leaf to leaf. Each leaf has a symplectic structure defined
by setting

(7.2) w(Xy, Xg) = {[, 9}

Remark 7.2. Notice that for any given Hamiltonian vector field X, the
corresponding function f is well-defined only up to Casimir functions.
It is however simple to check that w is a well-defined 2-form on each
leaf, i.e. it is independent of the particular choices made for f and g.
It is also non-degenerate. The fact that w is closed follows from the
Jacobi identity for {-,-}.

Remark 7.3. Notice that the definition of a Poisson manifold does not
include a metric. Thus there is in general no intrinsic way to extend w
to a 2-form on M.

The following result is standard.

Proposition 7.4. Any Poisson manifold admits a symplectic foliation,
of varying rank. Fach leaf is preserved by the flow of any Hamiltonian
vector field. Any Casimir function restricts to a constant along any
leaf of the foliation.

Poisson manifolds are of interest in Mechanics because they pro-
vide the following generalization of the standard symplectic notion of
Hamiltonian flows.

Definition 7.5. A Hamiltonian flow on M is a solution of the equation
d/dt(x) = Xy(x), for some function f on M.

It follows from Proposition 7.4 that if the initial data belongs to
a specific leaf, then the corresponding Hamiltonian flow is completely
contained within that leaf. It is simple to check that if z; is Hamiltonian
then f is constant along ;.

7.2. Example: the dual of a Lie algebra. The theory of Lie alge-
bras provides one of the primary classes of examples of Poisson mani-
folds. To explain this we introduce the following notation, once again
restricting our attention to the finite-dimensional case. Let V be a
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finite-dimensional vector space, whose generic element will be denoted
v. Let V* be its dual, with generic element ¢. Let V** be the bidual
space, defined as the space of linear maps V* — R. We will think of
this as a subspace of the space of smooth maps on V* with generic
element f = f(¢). We can identify V' with V** via the map

(7.3) V = V™, v f, where f,(¢) = ¢(v).

Now assume V' is a Lie algebra. We will write V' = g. Consider
the vector space g* dual to g. We want to show that the Lie algebra
structure on g induces a natural Poisson structure on g*. Let f be
a smooth function on g*. Its linearization at ¢ is an element of the
bidual: Vfi4 € g**. It thus corresponds via the map of Equation 7.3
to an element §f/0¢p;, € g. We can now define a Lie bracket on g* by
setting:

(7.4) {f,9}(0) := &([6 /0016, 09/0¢y4]),

where [, -] denotes the Lie bracket on g. One can show that this op-
eration satisfies the Jacobi identity and defines a Poisson structure on

g
Example 7.6. Assume f is a linear function on g*, f = f, (as in
Equation 7.3). Then 6f/d¢ = v, s0 { [y, fuw(®) = &([v, w]).

We now want to characterize the Hamiltonian vector fields and sym-
plectic leaves of g*. Unsurprisingly, this is best done in terms of Lie
algebra theory. Every finite-dimensional Lie algebra is the Lie algebra
of a (unique connected and simply connected) Lie group G. Recall
from Section A.2 the adjoint representation of G' on g,

G — Aut(g), g Ad,.
Differentiating this defines the adjoint representation of g on g,
(7.5) ad:g— End(g), v=d/dt(g)j—o — ad, = d/dt(Adg,);=o
It follows from Lemma A.12 that ad,(w) = [v, w].
By duality we obtain the coadjoint representation of G on g*,
G — Aut(g"), g+— (Ad,1)".

Notice that once again we have used inversion to ensure that this re-
mains a left action, cfr. Remark A.9. We can differentiate this to obtain
the coadjoint representation of g on g*, which can also be written in
terms of the duals of the maps in Equation 7.5:

(7.6) ad* : g — End(g*), v— (—ad,)".

The following result is standard.
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Lemma 7.7. The Hamiltonian vector field corresponding to a smooth
function f on g* is

Xi(0) == (—adsyss4,,)" (D).

Thus the leaves of the symplectic foliation of g* are the orbits of the
coadjoint representation.

7.3. The symplectic foliation on M, revisited. Following [31] we
now apply the ideas of Section 7.2 to the case where g is the Lie al-
gebra of Ham,(R??). Since this is an infinite-dimensional algebra, the
following discussion will be purely formal.

We saw in Remark 6.2 that g can be identified with the space of
compactly-supported functions:

(7.7) C>(R*!) ~ Ham X,(R*), f+— X;.

Its dual is then the distribution space (C2°)*. Section 7.2 suggests
that (C2°)* has a canonical Poisson structure, defined as in Equation
7.4. We can identify the Poisson bracket, Hamiltonian vector fields and
symplectic leaves on (C2°)* very explicitly, as follows.

For simplicity let us restrict our attention to the linear functions on
(C°)* defined by functions f € C° as follows:

(7.8) Fy o (CF) =R, Fy(p) = {u, f).

Example 7.6 shows that the Poisson bracket of two such functions FY
and Fj, can be written in terms of the Lie bracket on CZ°:

(7.9)  {Fs, Foloe) (1) = (A S, 9Frea) = (1, w0 (X, Xy)).

Lemma 7.7 gives an explicit formula for the corresponding Hamiltonian
vector fields Xp,: at p € (C°)*, Xp, (1) € T,(C)* = (CF)* is given
by

(Xr, (1), 9) = ((—ads)* (1), 9) = (1, —ads(g))
= (u, —{f, gtwrea) = (. dg(Xy))
= —(div,(Xy),9)-

In other words, Xp, (1) = —div,(Xy).

Lemma 7.7 also shows that the leaves of the symplectic foliation are
the orbits of the coadjoint representation of Ham,(R??) on (C>°)*. Let
us identify the coadjoint representation explicitly. Recall from Lemma
A.20 that the adjoint representation of Ham.(R??) on Ham X, is the
push-forward operation. Lemma 6.3 shows that, under the isomor-
phism of Equation 7.7, push-forward becomes composition. Thus the
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adjoint representation of Ham,(R??) on Ham X, corresponds to the fol-
lowing representation of Ham.(R??) on C2°(R?):

(7.10)  Ad: Ham.(R*) — Aut(C>(R*)), Ady(f) = foo™ .

The following calculation then shows that the coadjoint representa-
tion of Ham,(R??) on (C*°)* is simply the natural action of Ham,(R?)
introduced in Section 3.3:

(Adg—1)"(n), f) = (u, Ady—1(f)) = (p, fo @) = (& -, [).

The symplectic structure on each leaf is given by Equation 7.2:
(7.11)

wy(—div,(Xy), —div, (X)) = {f, g}(Cgo)*(,u) = (p,w(Xy, Xy)).

Remark 7.8. Notice that Poisson brackets and Hamiltonian vector fields
are of first order with respect to the functions involved. We can use
this fact to reduce the study of general functions F': (C2°)* — R to the
study of linear functions on (C2°)*, as presented above. For example if
V.F =V, Fy, for some linear F; as above, then Xp (1) = Xp, (1)

Let us now restrict our attention to M C (C2°)*. We want to show
that the data defined by the Poisson structure on (C2°)* restricts to
the objects defined in Section 6.2. Firstly, M is Ham,(R??)-invariant
and the action of Ham.(R?*?) on (C°)* restricts to the standard push-
forward action on M. This shows that the leaves defined above, passing
through M, coincide with the G-orbits of Section 6.2. Now recall from
Section 3.3 that, given p € M, the operator —div, is the natural
isomorphism relating the tangent planes of Definition 2.5 to the tangent
planes of M C (C2°)*. Equation 7.11 can thus be re-written as

T 1)) = [ (X X,) d

R2d
showing that the symplectic structure defined this way coincides with
the symplectic form €2, defined in Equation 6.9.

We can also use this framework to justify Definition 6.16 by showing
that the Hamiltonian vector fields defined there formally coincide with
the Hamiltonian vector fields of the restricted Poisson structure. Let
F : M — R be a differentiable function on M. Fix u € M. Up to
L?-closure, we can assume that V,F = Vf, for some f € C*(R*).
Example 4.13 shows that V f = V,F}, where F} is the linear function
defined in Equation 7.8. Using Remark 7.8, the Hamiltonian vector of
F at p defined by the Poisson structure is thus Xp(u) = Xp (n) =
—div,(Xy). In terms of the tangent space 7, M, we can write this as

(7.12) Xp(p) =mu(Xy) = 1 (= IV f) = mu(=JV,.F).
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It thus coincides with the vector field given in Definition 6.16.

Remark 7.9. The identification of (C'2°)* with the dual Lie algebra of
Ham,(R??) relied on the normalization introduced in Remark 6.2. In
turn, this was based on our choice to restrict our attention to diffeo-
morphisms with compact support. In some situations one might want
to relax this assumption. This would generally mean losing the possi-
bility of a normalization so Equation 6.3 would leave us only with an
identification Ham X ~ C'*°(M)/R. Dualizing this space would then,
roughly speaking, yield the space of measures of integral zero: we would
thus get a Poisson structure on this space but not on M. However this
issue is purely technical and can be avoided by changing Lie group, as
follows.

Consider the group G of diffeomorphisms on R?? x R preserving the
contact form dz — y'dx’. It can be shown that its Lie algebra is iso-
morphic to the space of functions on R?*? x R which are constant with
respect to the new variable z: it is thus isomorphic to the space of func-
tions on R?¢, so the dual Lie algebra is, roughly, the space of measures
on R??; in particular, it contains M as a subset. This group has a one-
dimensional center Z ~ R, defined by translations with respect to z.
The center acts trivially in the adjoint and coadjoint representations,
so the coadjoint representation reduces to a representation of the group
G/Z, which one can show to be isomorphic to the group of Hamilton-
ian diffeomorphisms of R??. The coadjoint representation of G reduces
to the standard push-forward action of Hamiltonian diffeomorphisms,
and the theory can now proceed as before.

APPENDIX A. REVIEW OF SOME NOTIONS OF DIFF. GEOMETRY

The goal of the first two sections of this appendix is to summarize
standard facts concerning Lie groups and calculus on finite-dimensional
manifolds, thus laying out the terminology, notation and conventions
which we use throughout this paper. The third section provides some
basic facts concerning the infinite-dimensional Lie groups relevant to
this paper. We refer to [25] and [30] for details.

A.1. Calculus of vector fields and differential forms. Let M be
a connected differentiable manifold of dimension D, not necessarily
compact. Let Diff(M) denote the group of diffeomorphisms of M. Let
C>(M) denote the space of smooth functions on M. Let T'M denote
the tangent bundle of M and X' (M) the corresponding space of sections,
i.e. the space of smooth vector fields. Let T*M denote the cotangent
bundle of M. To simplify notation, A¥M will denote both the bundle
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of k-forms on M and the space of its sections, i.e the space of smooth
k-forms on M. Notice that A°(M) = C*(M) and A'M = T*M (or
the space of smooth 1-forms).

Let ¢ € Diff(M). Taking its differential yields linear maps

(A.1) Vo : T,M — TyyM, v V-,

thus a bundle map which we denote V¢ : TM — T'M. We will call
V¢ the lift of ¢ to TM.
By duality we obtain linear maps

(Vo) : T3 M — Ty M, aw— aoVe,
and more generally k-multilinear maps
(A.2) (Vo) : AjyM — ASM, a— a(Ve-,..., Vo).

This defines bundle maps (V¢)* : A¥M — A*M which we call the lift
of ¢ to AFM.

Remark A.1. Notice the different behaviour under composition of dif-
feomorphisms: V(¢o1) = VooV while (V(gpo1)))* = (Vo) o(Ve)*.
We will take this into account and generalize it in Section A.2 via the
notion of left versus right group actions.

We can of course apply these lifted maps to sections of the corre-
sponding bundles. In doing so one needs to ensure that the correct
relationship between T, M and T, M is maintained; we emphasize
this with a change of notation, as follows.

The push-forward operation on vector fields is defined by

(A.3) Gu: X(M) — X (M), ¢.X :=(Vo-X)op .
The corresponding operation on k-forms is the pull-back, defined by
(A.4) ¢ AF(M) — A*(M), ¢*a = ((Vo)*a)o é.

Definition A.2. Let V be a vector space. A bilinear antisymmetric
operation
VXV =V, (yw) [vul
is a Lie bracket if it satisfies the Jacobi identity
[w, [v, ] + [v, [w, u]] + [w, [u, v]] = 0.
A Lie algebra is a vector space endowed with a Lie bracket.

The space of smooth vector fields has a natural Lie bracket. Given
two vector fields X, Y on M, we define [X, Y] in local coordinates as
follows:

(X,Y]=VY - X -VX.Y.
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It is simple to show that this operation indeed satisfies the Jacobi
identity. Let ¢, denote the flow of X on RP, i.e. the l-parameter
group of diffeomorphisms obtained by integrating X as follows:

(A.5) d/dt(¢(x)) = X(d(2)), dolz) = 2.
It is then simple to check that

(A.6)
[X,Y] = ~d/dt(60.Y Yy = d/dH(O-1Y oo = d/dH((67).Y ).

Equation A.6 gives a coordinate-free expression for the Lie bracket.
It also suggests an analogous operation for more general tensor fields.
We will restrict our attention to the case of differential forms.

Let a be a smooth k-form on M. Let X, ¢; be as above. We define
the Lie deriwative of o in the direction of X to be the k-form defined
as follows:

(A7) Lxo = d/dt(¢]o)=o-

The fact that ¢ +— ¢; is a homomorphism leads to the fact that
d/dt(¢}a) =, = ¢;,(Lxa). Thus Lxa = 0 if and only if ¢ja = «, i.c.
¢y preserves a.. This can be generalized to time-dependent vector fields
as follows.

Lemma A.3. Let X; be a t-dependent vector field on M. Let ¢ =
o) be its flow, defined by

(A8) d/dt(¢1(2)) = Xi(&n(x)), dolx) = .

Let a be a k-form on M. Then d/dt(¢;a), = ¢, (Lx, ). In particu-
lar, ¢ja = o iff Lx,a = 0.

Proof: For any fixed s, let 9] be the flow of X, i.e.
d/dt(¥;(z)) = Xs(¥i(2)), dy(z) = .
Then v;° o ¢, (z) satisfies
d/dt(¢fo © ¢t0 <x>>\t:0 = Xto (¢t0 (l’)), 60 © (bto (I) = ¢t0 (SL’)

s0 1}° o ¢y, (x) at t = 0 and ¢, at t = ¢, coincide up to first order,
showing that

d/dt(@} )=, = d/dL((f° 0 dyy) )=
Oy, (d/dt (V") )=o) = ¢}, (Lx,, ).
QED.
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Notice that if we define ¢*Y := (¢71),Y and we define LxY :=
d/dt(#;Y ) =0, then Equation A.6 shows that LxY = [X,Y].

Remark A.4. Various formulae relate the above operations, leading to
quick proofs of useful facts. For example, the fact

(A9) £[X7y]04 = ﬁx(ﬁya) — ﬁy(ﬁx&)

shows that if the flows of X and Y preserve « then so does the flow of
(X, Y]. Also,

(AlO) ¢*£X04 == £¢*ng)*Oz.

Remark A.5. Notice that LxY is not a “proper” directional derivative
in the sense that it is of first order also in the vector field X. In general
the same is true for the Lie derivative of any tensor. The case of 0-
forms, i.e. functions, is an exception. In this case Lxf = df(X) is
of order zero in X and coincides with the usual notion of directional
derivative. We will often simplify the notation by writing it as X f.

We now want to introduce the exterior differentiation operator on
smooth forms. Let a be a k-form on M. Fix any point x € M and
tangent vectors Xy, ..., X € T, M. Choose any extension of each X;
to a global vector field which we will continue to denote X;. Then, at
x?

k

do(Xo, ... Xp) = > (-1VX;a(Xo,...,X;,..., X})
=0

(All) = Z(_l)j+la([Xj7Xl]vX07"'7Xj7"'7Xla"'7Xk‘)
i<l

where on the right hand side the subscript ~ denotes an omitted term
and we adopt the notation for directional derivatives introduced in
Remark A.5.

Lemma A.6. da is a well-defined (k+1)-form, i.e. at any point x € M
it 1s independent of the choice of the extension. Exterior differentiation
defines a first-order linear operator

(A.12) d: AFM — AR M
satisfying do d = 0.

Remark A.7. It is not clear from the above definition that do is ten-
sortal in Xy,..., Xy, t.e. that it is independent of the choice of ex-
tensions. The point is that cancelling occurs to eliminate the first
derivatives of X; which appear in Equation A.11. This is the main
content of Lemma A.6, which is proved by showing that Equation
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A.11 is equivalent to the usual, local-coordinate, definition of da. For

example, let a = ZZ'D:1 a;(z)dz® be a smooth 1-form on R”. Then
dao =" <i (g;‘; — g‘;{ > dxd Adz'. If we identify o with the vector field
r — (ay(z), -+, ap(x))T then da(X,Y) = ((Va — Val) X, Y).

Given a k-form a and a vector field X, let ixa denote the (k-1)-

form a(X,-,...,-) obtained by contraction. Then the Lie derivative
and exterior differentiation are related by Cartan’s formula:
(A13) Exct:dixc(—i—ixd&.

A.2. Lie groups and group actions. Recall that a group G is a Lie
group if it has the structure of a smooth manifold and group multi-
plication (respectively, inversion) defines a smooth map G x G — G
(respectively, G — G). We denote by e the identity element of G.

Definition A.8. We say that G has a left action or acts on the left or,
more simply, acts on a smooth manifold M if there is a smooth map

GxM—M, (g,x)—g-x

such that g - (h-xz) = (gh) - z. To simplify the notation we will often
write gx rather than g-x. It is simple to see that if G acts to the left on
M then every g € GG defines a diffeomorphism of M. More specifically,
the action defines a group homomorphism G — Diff(M).

We say that G has a right action or acts on the right on M if the
opposite composition rule holds: g - (h-x) = hg - x. In this case it
is standard to change the notation, writing = - g rather than ¢ - x:
this makes the composition rule seem more natural but does not affect
the substance of the definition, i.e. the fact that the induced map
G — Diff(M) is now a group antihomomorphism.

Remark A.9. Notice that any left action induces a natural right action
as follows: x-¢g := g~!-x. Conversely, any right action induces a
natural left action: g -2 :=x-g~'.

For any group action we can repeat the constructions of Equations
A.1 and A.2. For example a left action of G on M induces a lifted left
action of G on T'M as follows:

GxTM —TM, g(z,v):=(gx,Vg-v).

However, we need to apply the trick introduced in Remark A.9 to
obtain a coherent lifted action on T*M or A*M. For example we can
define a lifted left action by setting

G x N*M — A*M, g(z,a) = (gz, (Vg "))
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or a lifted right action by setting
Gx A*M — A*M, g(z,0) := (¢7'2, (Vg)*a).

We can also repeat the constructions of Equations A.3 and A.4. We
thus find an induced action of GG on vector fields, defined by

(A.14) GxX—X, g-X:=¢gX.

Like-wise, there is an induced action of G on k-forms. On the other
hand, with respect to Section A.1 there now exists a new operation,
as follows. Choose v = d/dt(g;)ji=0 € T.G. For any x € M we can
define the tangent vector v(x) := d/dt(g; - )=o. This defines a global
vector field on M, called the fundamental vector field associated to v.
We have thus built a map 7T.G — X.

Let us now specialize to the case M = G. Any Lie group G admits
two natural left actions on itself. Studying these actions leads to a
deeper understanding of the geometry of Lie groups, thus of group
actions. The first action is given by left translations, as follows:

L:GxG— G, (g,h)— Ly(h) = gh.

Let e € G denote the identity element. Fix v = d/dt(g:)=0 € T.G.
The differential VL, maps T.G to T,G. We may thus define a global
vector field X, on G by setting X, (g) := VL, -v = d/dt(g9g:)1=0. This
vector field has the property of being left-invariant with respect to the
action of G, i.e. Ly X, = X,. Viceversa, any left-invariant vector field
arises this way.

Remark A.10. Given any v € T,G, we have now defined two construc-
tions of a global vector field on G associated to v: the fundamental
vector field v and the left-invariant vector field X,. The relationship
between these constructions can be clarified as follows. There is a
natural right action of G on itself, defined by right translations

L:GxG—G, (g,h)— Ry(h):= hg.
As above, the differentials define a global vector field VR, - v. It is

simple to check that this vector field coincides with the fundamental
vector field v. It is right-invariant, i.e. Rgv = v.

Lemma A.11. The set of left-invariant vector fields is a finite dimen-
stonal vector space isomorphic toI.G. The Lie bracket of left-invariant
vector fields is a left-invariant vector field.

It follows from Lemma A.11 that T,G admits a natural operation
[v, w] such that Xp, ) = [X,, Xy]. It follows from the Jacobi identity
on vector fields that T.G equipped with this structure is a Lie algebra:
we call it the Lie algebra of G and denote it by g.
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The second action of GG on itself is the adjoint action defined by the
inner automorphisms I,(h) := ghg™. Each of these fixes the identity
and thus defines a map

(A.15) Ad, :=VI,: T.G — T.G,

t.e. an automorphism of T,G. In other words the adjoint action of GG
on (G induces a left action of G on T.G called the adjoint representation
of G.

The adjoint representation of G provides a useful way to calculate
Lie brackets on g, as follows.

Lemma A.12. Fizv,w € g. Assumev = d/dt(g;);—o for some g € G.
Then [v,w] = d/dt(Adg,w)}—o.

Proof: Assume w = d/ds(hs)|s—o. By definition,

(A.16) d/dt(Adg,(w)) =0 = d/dt d/ds(gehsg; " )je.s—o-
Notice that

(A17) Xo(9) = VLy(v) = d/dt(gg:)ji=0 = d/dt(Rg,(9))j=0-

In particular this shows that, for t = 0, R, coincides with the flow of
X, up to first order. Thus

v, w] = (Lx,Xu)e = d/dt((Rg,)" Xu)jesi=0 = d/dt((Ry-1).Xow) e;1=0
= d/dt((VRg;1)|thw|gt)|t:0 = d/dt((VRgtfl)‘gtd/ds(gths)b:o)tzo
= d/dt d/ds(gthsg;1)|s,t:0.
QED.

Remark A.13. It is sometimes useful to distinguish the vector space
T.G from the Lie algebra g, so as to distinguish between maps or con-
structions which involve the Lie bracket and those which do not. Our
notation will sometimes reflect this.

For example, one can show that the construction of fundamental
vector fields actually defines a Lie algebra homomorphism g — X.
Analogously one can show that every Ad, is an automorphism of g, i.e.
it preserves the Lie algebra structure: Ad,([v,w]) = [Ad,v, Adyw].

Let us now return to the general case of a Lie group acting on a
manifold M. We can apply the above information on the geometry of
Lie groups to develop a better understanding of the geometric aspects
of the group action.
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Definition A.14. Assume G acts on M. Fix x € M. The orbit of x
in M is the subset

O, ={g9g-z:9€ G} C M.
Notice that O, = O,. The stabilizer of x in G is the closed subgroup
Gy, ={9€eG:g-x =2} CQG.

This is again a Lie group. We denote its Lie algebra g,: it is a sub-
algebra of g. It is simple to check that Gy = g- G, - ¢! and that

gz = Adg(gzv)'
Lemma A.15. Assume G acts on M. Then:

(1) Each quotient group G /G, has a smooth structure. The pro-
jection G — G /G, is a smooth map. Its differential gives an
identification T.G |T.G, = T.(G/Gy).

(2) The group action defines a smooth 1:1 immersion j : G/G, —
M with image O,. Thus O, is a smooth immersed (not nec-
essarily embedded) submanifold of M. In particular the group
action defines a smooth foliation of M, the leaves being the or-
bits of the action.

(3) Let O be any orbit in M. For any x € O, fundamental vector
fields provide a surjective map

(A-18) ¢ 1.6 - T,0, v= d/dt(gt)n:o — U(ﬁ) = d/dt(gti)\tzo
with kernel T.G,. The corresponding identification T,G/T.G, =
T.O coincides with Vj : T.G/T.G, — T,O.

Remark A.16. Assume x,y € M belong to the same orbit, i.e. y =
gx for some g € G. The lifted action of G on T'M then induces an
isomorphism Vg : T, M — T,,M which preserves the tangent spaces to
the orbit. Choose v = d/dt(g;x)i=0 € T,O. Then

(A19)  Vg(v) = d/dt(ggew)i—o = d/dt(99:g™" g2)jt—0 = Ady(v)(y)-
In other words, the following diagram is commutative:

T.G 2%, 1.q

‘Iacl le

7,0 22 7,0
where ¢, and g, denote the maps of Equation A.18.
Definition A.17. Assume G acts on M. A differential form o on M
is G-invariant if, for all g € G, g*a = a. We will denote by A*(M®)
the space of G-invariant k—forms on M.
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For the purposes of Section 4.2 (cfr. in particular Remark 4.8), the
following example is particularly interesting. Assume M is a Lie group
G. Choose a closed subgroup H of GG and consider the right action of H
on G defined by right multiplication. Fundamental vector fields provide
an identification T.G — T,G for any g € G, i.e. a parallelization of G.
Using this identification we can identify the space of all k-forms A*(G)
with the space of maps G — A*(T,G). The space of invariant k-forms
on G can then be written

ANGTY = {a e A*(G): Ry*a =a}
= {a:G — ANT.G) : a(gh) = alg), Vg€ G, Vh € H}
= {a:G/H — A¥T.G)}.

It may be useful to emphasize that the latter is not the space of k-forms

on G/H.

Remark A.18. Recall that, given any k-form on M and diffeomorphism
¢ € Diff(M), d(¢*a) = ¢*(dar). In particular, the space of invariant
forms is preserved by the operator d so it defines G-invariant de Rham
cohomology groups. We refer to [10] Section V.12 for details, in par-
ticular for the relationship with the standard de Rham cohomology of
M.

A.3. The group of diffeomorphisms. Let Diff.(R?) denote the set
of diffeomorphisms of R” with compact support, i.e. those which co-
incide with the identity map Id outside of a compact subset of RP.
Composition of maps clearly yields a group structure on Diff.(RP).
It is possible to endow Diff,(RP) with the structure of an infinite-
dimensional Lie group in the sense of [35]. A local model is provided
by the space X.(RP”), endowed as in Section 2.1 with the structure of
a topological vector space. More specifically, we can apply the con-
struction outlined in Remark A.21 below to build a local chart U for
Diff.(RP) near the identity element Id. This yields by definition an
isomorphism TpyDiff.(RP) ~ X.(RP). We can then use right multipli-
cation to build charts Uy := {uo ¢ : u € U} around any ¢ € Diff (RP),
leading to T,Diff.(R”) ~ {X o ¢ : X € X.(RP)}. Thoughout this arti-
cle we will generally restrict our attention to the connected component
of Diff,(RP) containing Id.

Remark A.19. It may be useful to emphasize that defining charts on
Diff, (R”) as above leads to the following interpretation of Equation
A.8: ¢ is a smooth path on Diff,(R”) and X, 0 ¢, € T,,Diff.(RP) is its
tangent vector field.
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As usual one can define the Lie algebra to be the tangent space at Id.
The Lie bracket [-,-]; on this space can then be defined as in Section
A2, cfr. [35].

Lemma A.20. The adjoint representation of Diff.(RP) on X,.(RP)
coincides with the push-forward operation: Ady(X) = ¢.(X). Further-
more, the Lie bracket on X.(RP) induced by the Lie group structure on
Diff.(RP) is the negative of the standard Lie bracket on vector fields.

Proof: Assume that X integrates to ¢; € Diff.(R?). Then
Ad¢>(X) = d/dt<¢ o ¢ 0 ¢71>|t:0 = V¢\¢—1 ) X|¢—1 = ¢*(X)

As in Lemma A.12 we can calculate the Lie bracket by differentiating
the adjoint representation. Thus:

[X7 Y]g = d/dt(Ad%Y)hf:O = d/dt(¢t*y)|t:0 = _[Xv Y]
QED.

Remark A.21. A similar construction proves that for any compact
(respectively, noncompact) manifold M the group of diffecomorphisms
Diff(M) (respectively, Diff.(M)) is an infinite-dimensional Lie group in
the sense of [35]. Some care has to be exercised however in all these
constructions, specifically in the definition of the local chart near Id.
The naive choice

X(M) — Diff(M), X +— ¢y,

where ¢ is the time t = 1 diffeomorphism obtained by integrating X to
the flow ¢y, is not possible as it does not cover an open neighbourhood
of Id, cfr. [35] Warning 1.6. Instead, the standard trick is to notice
that diffeomorphisms near Id are in a 1:1 relationship (via their graphs)
with smooth submanifolds close to the diagonal A C M x M. These
submanifolds can then be parametrized as follows. Assume F — M is
a vector bundle over M. Let Z denote its zero section and U denote
an open neighbourhood of Z. Assume one can find a diffeomorphism
(:U — M x M sending Z to A. Then diffeomorphisms of M near Id
correspond to smooth submanifolds of F near Z, i.e. smooth sections.
For example, to construct a chart for diffeomorphisms close to Id we
would use E :=T'M setting ¢ to be the Riemannian exponential map
(with respect to a fixed metric on M).

Good choices of E and ¢ for Diff(M) can yield as a by-product the
fact that specific subgroups G of Diff(M) also admit Lie group struc-
tures such that the natural immersion G — Diff(M) is smooth. For
example, to prove this fact for the subgroups of symplectomorphisms
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or Hamiltonian diffeomorphisms of a symplectic manifold (M,w) (see
Section 6.1) one can choose E := T*M and the ¢ defined by Wein-
stein’s “Lagrangian neighbourhood theorem”, cfr. [43] Section 6 or
[34] Proposition 3.34.
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